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Abstract

We consider the computation of an approximating curve to fit a given set of points.
Such a curve fitting is a common problem in CAGD and we review three different
approaches based upon minimization of the squared distance function: the point dis-
tance, tangent distance and squared distance error term. We enhance the classic setup
comprising a point cloud and an approximating B-Spline curve by obstacles a final
solution must not penetrate. Two algorithms for solving the emerging constrained
optimization problems are presented and used to enclose point clouds from inside as
well as from outside and to avoid arbitrary smooth bounded obstacles. Moreover,
approximations of guaranteed quality and shaking objects are examined within this
context. In a next step, we extend our work and study the curve fitting problem on
parametrized surfaces. The approximation is still performed in the two dimensional
parameter space while geometric properties of the manifold enter the computation at
the same time. Additionally, we use this new error term to approximate the borders of
point clouds on manifolds. Finally, as a minimization of the squared distance function
is sensitive to outliers, a curve fitting in the L1 norm based on the signed distance
function is developed. We describe the necessary results of non-smooth optimization
theory and apply this robust optimization to curve fitting in the presence of obstacles.
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Chapter 1

Introduction

We consider a set of unstructured points in the plane, forming a model shape such
as an unknown planar curve. Our goal is to approximate this possibly noisy cloud of
points by a B-Spline curve P (t) =

∑m

i=0 Bi(t)di. Such a curve fitting of point clouds
is a frequently encountered problem in computational geometry.

The common approach to a solution bases upon an iterative method proposed by
Hoschek [11] (and recently further developed by [25]). In each iteration the elements
Xk of the input point cloud X are assigned a closest point P (tk) on the approximating
curve. In these foot points, an approximation of the signed or squared distance from
the curve to the points is minimized.

1.1 Related Work

Usually, curve fitting relies on different local approximations of the squared distance
function, mainly for the sake of simplicity. A comprehensive review of the different
methods is given in [28], where the curve fitting problem is further examined from the
viewpoint of optimization. The basic point distance minimization, simply measuring
the distance from the foot point to the data point, is widely used in computer aided
geometric design, e.g. [11, 19, 20, 25]. An improvement taking the distances from the
points to the tangents in the closest points into account is for example described in
[3].

In [21] a quadratic Taylor approximation of the squared distance function is de-
veloped. [23] use this local model to approximate smooth target curves with B-Spline
curves. In [28] this squared distance minimization is applied to discrete point clouds.
The concepts of curve fitting may be used for surface fitting as well. [29] and [22] are
recent contributions thereto.

The consideration of obstacles in curve design is a widely investigated topic. Con-
straints in reverse engineering of classical geometric objects such as lines, circles,
spheres and cylinders from point data are studied in [2]. Peters defines SLEVEs [18]
and uses them in [17] to construct a spline based curve strictly staying inside a polyg-
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CHAPTER 1. INTRODUCTION 2

onal channel. In [10] interpolating splines are restricted to manifolds, any obstacles
are avoided by carrying out the interpolation on the distance field of the forbidden
regions. Furthermore, the exact and approximate construction of splines on surfaces
was recently discussed in [24].

In order to overcome the major drawback of the squared distance function’s mini-
mization, its sensitivity to outliers, the absolute value of the signed distance function
may be used in the approximation instead. There is only very few literature available
on this topic. [7] deals with geometric optimization in the L1 norm. In general, non-
smooth optimization problems (an L1 norm minimization leads to) are very common,
[6, 9, 16] discuss various solutions.

1.2 Overview

The succeeding parts of this work are organized as follows. First, we discuss and com-
pare the various methods for curve fitting of point clouds, namely the point, tangent
and squared distance minimization.

In chapter 3 we introduce obstacles to the curve fitting problem. We consider
two different kinds of obstacles: the point cloud itself and arbitrary smooth bounded
forbidden regions. The emerging constraint optimization problems are solved with a
penalty method as well as with an active set method. The results are used to find
an alternative approach to the swept volume problem ([27] recently contributed an
algorithm thereto) and for a curve approximation of guaranteed quality (a problem
addressed for example in [19]).

The next chapter takes curve fitting from the plane to two dimensional parametric
surfaces. We develop an approximation technique similar to tangent distance min-
imization in the plane (compare [3]) by performing the point cloud’s fitting in the
parameter space with respect to intrinsic geometric properties of the manifold the ap-
proximation is supposed to happen on. In part, results of the previous chapter are
generalized to enclose point clouds on surfaces with a B-Spline curve.

Chapter 5 sets the comfort of working with the squared distance function aside and
solves the non-smooth optimization problem imposed by applying the signed distance
function in curve fitting. This approximation in the L1 norm is further examined in
the presence of obstacles.

The appendix summarizes some basic results for polynomial splines and B-Spline
curves.

1.3 Acknowledgments

First and foremost I want to express my gratitude to Professor Helmut Pottmann. It
was a pleasure to write this thesis under his uncomplicated supervision and with his
valuable suggestions. Furthermore I seize the chance to thank everyone at the institute
contributing to the development of this work.
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commitment to my studies. It’s great to see what the world looks like if the where
and the how long are not subject of discussion. And finally, a Cheers! goes out to all
you other people I spent great times with in the past and will do so in the future.



Chapter 2

Curve Fitting of Point Clouds

2.1 Introduction

The computation of an approximating curve to fit a given set of points is a common
problem in computer graphics, computer aided geometric design (CAGD) and image
processing. In this chapter we introduce the unconstrained curve fitting problem of
point clouds and describe a general algorithm to solve it. The subsequent discussion of
this algorithm takes most parts of this section and focuses on the topics of foot point
computation, local approximations of the squared distance function and optimization.
Finally, experiments dealing with the obtained results will conclude this first part.

Let X = {Xk : k = 0, . . . , n} be a given set of points (called the point cloud)
representing the shape of an initial curve or the extent of an arbitrary region. In curve
fitting, one aims to approximate this set of points by a curve that reflects the original
form of the point cloud in a good way.

B-Spline curves are a common choice for the approximating curve. Assume the
degree of the approximating B-Spline curve is defined a priori. Additionally, the knot
sequence and the number of control points are not subject to optimization. Then, the
B-Spline curve can be written as

P (t) =

m∑

i=0

Bi(t)di

where Bi(t) describes the basis B-Spline functions of fixed degree and di the control
points. It’s convenient to interpret the curve fitting problem as a non-linear opti-
mization problem. On optimizing, one asks for a displacement c = (ci)i=0,...,m of the
control points di

Pc(t) =

m∑

i=0

Bi(t)(di + ci)

minimizing the distance d(Pc(t), X) of the approximating B-Spline curve to the
point cloud. In each data point Xk, the error of the approximation is given as the
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CHAPTER 2. CURVE FITTING OF POINT CLOUDS 5

distance from Xk to a sample point Pc(tk) on the B-Spline curve. Commonly, this
sample point is the foot point of Xk on Pc(t) with d(Pc(tk), Xk) = mint ‖Pc(t)−Xk‖.
Thus, we define the distance of Pc(t) to X by

d(Pc(t), X) :=
n∑

k=0

d(Pc(tk), Xk).

Since it’s favorable to work with sums of squares instead of sums of absolute values,
the squared distance function d2(Pc(tk), Xk) is applied instead. Minimizing the sum
of distances requires more sophisticated optimization techniques, chapter 5 will deal
with this problem.

In summary, the objective function of the curve fitting problem of point clouds can
be written as

f(c) =

n∑

k=0

d2(Pc(tk), Xk) + λFr(c) (2.1)

where Fr(c) is a regularization term ensuring a smooth solution. The non-linearity
of (2.1) suggests an iterative approach to the minimization.

Algorithm 1 (General Curve Fitting). A general algorithm for fitting a B-Spline
curve P (t) to a point cloud X involves the following steps

1. define a suitable start position of the approximating B-Spline curve.

2. assign each data point Xk a parameter value tk, such that P (tk) is the closest
point of Xk on the approximating B-Spline curve.

3. obtain the objective function f(c) =
∑n

k=0 e(Pc(tk), Xk) + λFr(c) of the opti-
mization problem, where e(Pc(tk), Xk) is a local approximation of the squared
distance function.

4. get the displacement c of the control points by minimizing f(c).

5. displace the control points of the approximating B-Spline curve. If the updated
curve approximates the given point cloud reasonably good, stop.

6. otherwise, continue with step 2.

In the following, steps 2 to 4 will be discussed in detail.

2.2 Foot Point Computation

Step 2 of algorithm 1 determines the sample points on the approximating B-Spline
curve where the curve’s distance to the point cloud is measured in. As mentioned
before, these sample points are chosen to be the foot points of the data points on the
B-Spline curve.
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p

ċ(t∗)
c(t∗)

c(t)

Figure 2.1: Geometric interpretation of the foot point computation problem in R
2.

Let c(t) : R → R
k be a parametric curve and p a point of R

k. The closest point of
p on c(t) minimizes

g(t) = ‖c(t) − p‖2 = (c(t) − p)2. (2.2)

For a minimizer t∗ of g(t), c(t∗) is called the foot point of p on c(t).
We minimize (2.2) with a Newton iteration. Let ti be the current iterate. The idea

of the Newton iteration is to work with a quadratic Taylor approximation of g in ti

gi(t) = g(ti) + ∇g(ti)T (t − ti) +
1

2
(t − ti)T∇2g(ti)(t − ti) + o(t3).

A necessary condition for a minimum of gi(t) is the vanishing of the gradient

∇gi(t) = ∇g(ti) + ∇2g(ti)(t − ti) = 0

The next iterate ti+1 = ti + δi is obtained by solving this expression for t. The update
in the i-th Newton iteration turns out to be

δi = −
[
∇2g(ti)

]−1
· ∇g(ti).

In order to improve the convergence behavior of the Newton iteration we do not simply
update with δi but reduce the step length in direction of δi by a factor λ

ti+1 = ti + λδi.

A possible choice for λ is according to the successive reduction rule. For given β ∈ (0, 1)
we set λ = βm for the smallest m ∈ N with g(ti + βmδi) < g(ti).

For the foot point computation problem in curve fitting, a starting point of the
Newton iteration could be obtained by sampling the curve sufficiently dense and using
the closest sample point to p. For the sake of simplicity we multiply g(t) in (2.2) with
1
2 and get as update

δi = −
(c(ti) − p) · ċ(ti)

ċ2(ti) + (c(ti) − p) · c̈(ti)
.
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Figure 2.2: Medial axis for a closed curve with certain inscribed circles.

The Newton iteration is aborted if either the update δi is smaller than a certain
threshold or the number of iterations exceeds a predefined value.

In a geometric interpretation, a necessary condition for a foot point is, as stated
above, the vanishing of the first derivative

d

dt
g(t) = (c(t) − p) · ċ(t) = 0.

Thus, the connecting line from p to the foot point has to be perpendicular to the
tangent in the foot point, as shown in figure 2.1.

2.3 Local Models of the Squared Distance Function

2.3.1 The Distance Function

As pointed out in the introduction of this chapter, the (squared) distance function
plays an important role in curve fitting. Given a curve c(t) in the plane, the distance
function

d(x) := min
p∈c(t)

|p − x|

assigns each point x ∈ R
2 the shortest distance to c(t). As a matter of fact, the

distance function is not differentiable on c(t).
The signed distance function overcomes this problem. It is defined as the viscosity

solution of the Eikonal equation.

Definition 2.1. d is the signed distance function of a curve d(x) = 0 if

∇d2 = 1 or ‖∇d‖ = 1

holds, respectively.
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Casually speaking, the signed distance function assigns each point’s unsigned dis-
tance a sign, according to the side of the curve the point is located at. In the following,
if not stated otherwise, we use the term ”distance function” for the signed distance
function, too.

Again, the signed distance function is not differentiable everywhere. It is singular
in points of the medial axis. The medial axis is defined as the locus of the center of all
maximal inscribed disks of an object. Figure 2.2 illustrates the medial axis of a closed
curve.

The level sets of the distance function are the offsets from the curve c(t) which are
of importance in various fields of computational geometry.

In the literature on partial differential equations, requirements for the existence
and uniqueness of a solution of the Eikonal equation are well known. However, it is
not very feasible to apply this theory to the problem of curve fitting directly. Instead
of aiming to compute the fitting curve’s exact distance function, approximations are
used.

For the sake of simplicity, the curve fitting presented in this chapter is based on
approximations of the squared distance function. A possible way would be to discretize
the computation of the squared distance function on a grid. Tsai’s algorithm [26]
realizes this. Though we will use Tsai’s algorithm later on when we require distance
fields from obstacles in the plane, it is not applicable in general. Since we formulated
the curve fitting problem as an optimization problem, we are in need of an analytic
representation of any approximation of the signed distance function.

Instead of using a discretization, we work with local models of the squared signed
distance function. In the following, three approaches to measure the squared distance
of a point to a curve in an approximate way are presented: point distance minimization,
tangent distance minimization and squared distance minimization.

All three error terms are concrete realizations of step 3 of the general curve fitting
algorithm. Thus, the foot points P (tk) for each data point Xk are already available at
this stage of the discussion.

2.3.2 Point Distance Minimization

Point distance minimization is the first method we are going to study in our review of
local models of a curve’s squared distance function. It goes back to a work by Hoscheck
[11]. There, the author assigns each data point Xk a parameter value tk (a foot point)
and then uses ‖Pc(tk) − Xk‖

2 as approximation of the squared distance function in
the optimization’s objective function. Similar to the general curve fitting algorithm
Hoschek repeats this parametrization and minimization iteratively. The method is
called intrinsic parametrization for approximation originally.

We might call this curve fitting approach based on the error term

ePDM,k(c) = ‖Pc(tk) − Xk‖
2

point distance minimization or short PDM for consistency with the naming of the
other methods. In order to use ePDM,k in a computational implementation, we write
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(a) Initial setup (b) Final approximation after 20 iterations

Figure 2.3: Curve fitting with PDM.

it as a quadratic function ePDM,k(c) = cT · APDM · c + 2 · bT
PDM · c + kPDM , where

c =

(
c0

...
cm

)
summarizes the single displacements of the control points into a single

vector c ∈ R
2m+2.

We expand

ePDM,k(c) = ‖Pc(tk) − Xk‖
2 =

[
m∑

i=0

Bi(tk)(di + ci) − Xk

]2

and collect the powers of the unknown displacement c. By doing so, we get

(APDM )2i...2i+1,
2j...2j+1

= Bi(tk)Bj(tk) · I2 0 ≤ i, j ≤ m

where I2 denotes the two dimensional identity matrix. Moreover,

(bPDM )2i...2i+1 = Bi(tk) · (P (tk) − Xk) 0 ≤ i ≤ m

and
kPDM = (P (tk) − Xk)2.

Point distance minimization is very popular in computer aided geometric design. This
might be due the simplicity of this approach as it just replaces P (t) in (2.1) with P (tk).
However, if we consider that the foot points depend on the variable control points, we
may expect that ePDM doesn’t serve too well as approximation of the squared distance
function. Indeed, the convergence of PDM is slow as upcoming experiments will show.

The poor convergence rate of the point distance minimization algorithm is approved
by the authors of [28] theoretically. There, curve fitting algorithms are studied as native
optimization algorithms in the context of the non-linear least squares problem of (2.1).
That work shows, that PDM is a variant of the steepest descent method which enjoys
only linear convergence.
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(a) Initial setup (b) Final approximation after 15 iterations

Figure 2.4: Curve fitting with TDM.

2.3.3 Tangent Distance Minimization

Tangent distance minimization (short TDM) tries to improve the convergence behavior
of point distance minimization by applying a more sophisticated approximation of the
squared distance function. As before, for each data point Xk a foot point Pk = Pc(tk)
is computed. Then,

d2
k(x) = d2(Pk) + ∇d2(Pk)T · (x − Pk) +

1

2
(x − Pk)T · ∇2d2(Pk) · (x − Pk)

describes a second order Taylor approximation of the squared distance function d2(x)
in Pk locally. For the gradient and the Hessian of d2

∇d2 = 2d · ∇d and ∇2d2 = 2(∇d · ∇dT + d · ∇2d)

hold. As naturally d2(Pk) = 0, we can simplify to

d2
k(x) = (x − Pk)T · ∇d(Pk) · ∇d(Pk)T · (x − Pk) =

[
(x − Pk)T · ∇d(Pk)

]2
. (2.3)

As d is the signed distance function and by definition ‖∇d‖ = 1 holds, ∇d(Pk) is
identified with the unit normal vector Nk of Pc(t) in Pk. In summary, tangent distance
minimization is based upon the error term

eTDM,k(c) =
[
(Pc(tk) − Xk)T · Nk

]2
.

Geometrically, eTDM,k measures the squared distance from Xk to the tangent of Pc(tk)
in Pk hence giving this method its name.

Similar to PDM, eTDM,k(c) is a quadratic function of the form cT · ATDM · c + 2 ·
bT
TDM · c + kTDM .

eTDM,k(c) =
[
(Pc(tk) − Xk)T · Nk

]2
=



(

m∑

i=0

Bi(tk)(di + ci) − Xk

)T

· Nk




2
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is transformed and summarized to

(ATDM )2i...2i+1,
2j...2j+1

= Bi(tk)Nk · NT
k Bj(tk) 0 ≤ i, j ≤ m

(bTDM )2i...2i+1 = dkBi(tk) · Nk 0 ≤ i ≤ m

and
kTDM = d2

k

where dk := (P (tk) − Xk)T · Nk.
Though not as popular as PDM, TDM is widely used in CAGD. And indeed, it

shows faster convergence than the point distance minimization method. However,
approximating a curve by its tangent for measuring the distance might be insufficient.
This comes especially true if Xk is far from the curve or close to a high curvature
point. Additionally, TDM not only holds the foot points fixed when displacing the
control points but also leaves out to update the tangents. These drawbacks make TDM
unstable.

Again, the work in [28] rates TDM from the viewpoint of optimization. TDM turns
out to be a Gauss-Newton method, fortifying our assumption of a mostly improved
convergence behavior compared to the point distance minimization. Optimization
theory knows about the instability issues of the Gauss-Newton method and proposes
several improvements such as the damped Gauss-Newton method or the Levenberg-
Marquart method. We want to discuss a variant of the damped Gauss-Newton method
in detail.

The following approach is based upon the successive reduction rule, already dis-
cussed in conjunction with the foot point computation. Instead of updating the B-
Spline curve’s control points with the full displacement obtained from minimizing (2.1),
a step length controlled update is done

dj+1 = dj + λcj .

According to the successive reduction rule, we choose β ∈ (0, 1) and set λ = βm

for the smallest m ∈ N with g(dj+1) < g(dj). Hereby, g describes the error of the
approximation for the current choice of dj+1, that is

g(dj+1) =

n∑

k=0



(

m∑

i=0

Bi(tk)dj+1
i − Xk

)T

· Nk




2

.

The combination of the successive reduction rule and TDM improves the stability
of TDM effectively; we will call it damped tangent distance minimization conveniently.

2.3.4 Squared Distance Minimization

Squared distance minimization (abbreviated SDM) is the third and last error term in
our discussion of local models of the squared distance function. SDM aims to over-
come the shortcomings of TDM by incorporating information about the approximating
curve’s curvature.
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Nk

Tk
(0, ρ)

(0, d)

Pc(t)

Figure 2.5: Frenet frame in the quadratic approximation of the squared distance func-
tion.

In the following we derive a quadratic approximation of the squared distance func-
tion. Let Pk = Pc(tk) be the foot point of the shortest distance from the approximating
curve Pc(tk) to a data point Xk. Considering the Frenet frame (Tk, Nk) in Pk spanned
by the tangent Tk and the normal Nk respectively, we can write Xk = (0, d) and
K = (0, ρ) for the curvature center in these coordinates. Here, d is the (shortest)
distance of Pc(tk) to Xk and ρ = 1

κ
denotes the curvature radius as inverse curvature.

Figure 2.5 illustrates this setting.
Hereby, the squared distance to the circle of radius ρ around K is given by

f(x1, x2) =

(√
x2

1 + (x2 − ρ)2 − |ρ|

)2

.

For SDM, the approximation of the squared distance function is based upon f . There-
fore, without loss of generality, we may assume ρ < 0 locally by choosing the local
orientation of the curve appropriately and find a second order Taylor approximation
of f(x1, x2) in (0, d) to be

Fd(x1, x2) =
d

d − ρ
x2

1 + x2
2. (2.4)

Still, Fd is expressed in coordinates of the local Frenet frame. Globally, we can write

x1 = (Pk − Xk)T · Tk

and
x2 = (Pk − Xk)T · Nk.

For optimization it’s important that Fd(x1, x2) doesn’t take negative values (see section
2.4 for more details). Choosing ρ < 0 locally, d < ρ < 0 can’t happen as in that case
K wouldn’t be the curvature center of the closest point Pk of Xk. If ρ ≤ d < 0, Fd
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(a) Initial setup (b) Final approximation after 10 iterations

Figure 2.6: Curve fitting with SDM.

may become negative; thus we will use the TDM error term in that case instead. For
ρ < 0 < d the new SDM term comes into effect. In summary we write

eSDM,k =

{
dk

dk−ρk

[
(Pc(tk) − Xk)T · Tk

]2
+
[
(Pc(tk) − Xk)T · Nk

]2
0 < dk[

(Pc(tk) − Xk)T · Nk

]2
ρk ≤ dk ≤ 0

One might see SDM as an improved TDM error term, adding a flow in the tangential
direction. SDM reduces to TDM only if the approximating curve is already very close
to Xk; TDM’s instability issues don’t count in this case.

While the level sets of the PDM error term are concentric circles centered at the
foot point, those of TDM are lines parallel to the tangent in the foot point. In SDM,
(2.4) describes ellipses with the foot point as center for 0 < d. The distortion of the
principal axis parallel to the tangent depends on the curvature.

For computational use, we write eSDM,k(c) as quadratic function in the unknown
displacement c again. For data points with 0 < dk we get

(ASDM )2i...2i+1,
2j...2j+1

= (ATDM )2i...2i+1,
2j...2j+1

+ αkBi(tk)Tk · T T
k Bj(tk) 0 ≤ i, j ≤ m

(bSDM )2i...2i+1 = (bTDM )2i...2i+1 + αkskBi(tk) · Tk 0 ≤ i ≤ m

and
kSDM = kTDM + αks2

k

with sk := (P (tk) − Xk)T · Tk and αk = dk

dk−ρk
.

Squared distance minimization combines the advantages of the previous methods
by showing PDM’s stability along with TDM’s improved convergence speed. Indeed,
as pointed out in [28], SDM is a quasi-Newton method. Quasi-Newton methods always
feature some kind of approximation, here it’s the fixed foot point and the tangent and
normal that do not change with the control points.
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2.4 Optimization

All the local models of the squared distance function presented in the previous sec-
tion have one crucial characteristic in common: they are quadratic in the unknown
displacement vector c. Thus, optimization of (2.1) means minimization of a quadratic
objective function

f(c) = cT Ac + 2bT c + d.

The necessary condition
∇f(c) = 0 (2.5)

gives
A · c + b = 0.

Hereby, the demanded displacement of the control points of the approximating B-
Spline curve is given as solution of the system of linear equations

A · c = −b.

Furthermore, the sufficient condition for a local minimum requires ∇2f(x) to be pos-
itive definite. As

∇2f(c) = A,

matrix A needs to be positive definite. This criteria is the reason why SDM is reduced
to the TDM error term for ρk ≤ dk < 0.

If we consider the curve fitting problem from the viewpoint of geometry, we have
a closer look at the necessary condition for a minimum of

F (c, t) =

n∑

k=0

‖Pc(tk) − Xk‖
2

where c =

(
c0

...
cm

)
and t =

(
t0

...
tn

)
. Computing the partial derivative of F (c, t) with

respect to tk and using identity (2.5) we obtain

(Pc(tk) − Xk)T · P ′
c(tk) = 0.

Thus, the vector from Xk to foot point Pc(tk) has to be orthogonal to the tangential
vector of Pc in Pc(tk). This result is less surprising if we recall section 2.2.

On the other hand, the partial derivative for a control point cj gives

n∑

k=0

(Pc(tk) − Xk)Bj(tk) = 0 0 ≤ j ≤ m.

If we sum up over all control points cj , we get

n∑

k=0

(Pc(tk) − Xk)

m∑

j=0

Bj(tk) = 0.
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Due to the convex hull property of B-Spline curves,
∑m

j=0 Bj(tk) = 1 holds (compare
appendix B) and we finally see

n∑

k=0

(Pc(tk) − Xk) = 0.

If we interpret the vectors from Xk to Pc(tk) as forces acting on the approximating
curve, a solution of the curve fitting problem means finding a curve where these forces
are in equilibrium. Again, this identity could be expected for this scenario as we deal
with the curve fitting problem by means of a least square problem.

2.5 Results

The objective function in (2.1) includes an additional term called a regularization or
smoothing term. Its purpose is to avoid a degeneration of the approximating curve
when fitting the point cloud. On the one hand

Fr1(c) =

∫

P

‖P ′
c(t)‖

2dt

minimizes the L2 norm of the first derivative keeping the length of the approximating
curve small, whereas

Fr2(c) =

∫

P

‖P ′′
c (t)‖2dt

on the other hand measures the bending energy of Pc(t) and prevents the creation of
loops in a minimization.

Again, for a software implementation, these smoothing terms are written as qua-
dratic functions cT · As · c + 2 · bT

s · c + ks. For Frk(c) (k = 1, 2) we get

(As)2i...2i+1,
2j...2j+1

= vij · I2 0 ≤ i, j ≤ m

(bs)2i...2i+1 =
m∑

j=0

vij · dj 0 ≤ i ≤ m

ks =

m∑

i=0




m∑

j=0

vijdj




T

· di

with vij =
∫

P
B

(k)
i (t)B

(k)
j (t)dt. The integrals could be evaluated in a numerical inte-

gration based on the parameter values tk of the foot points.
For the following results only the second smoothing term Fr2(c) was applied,

weighted with a factor λ. Usually, λ was set to be 10−4 in the beginning and was
halved at each iteration step. If factor λ is different from this value we mention this
in the description of the corresponding experiment.
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The point clouds used throughout this work were created according to the same
method. At first, an auxiliary B-Spline curve is defined. This curve is randomly
sampled in a given number of points, the distribution of the samples’ parameter values
is chosen to be uniform. In each of these sample points an element of the point cloud
is given in random distance from the curve in the direction of the normal vector. The
distances are usually drawn from a normal distribution.

For some experiments, the error of the computed approximation is visualized in a
chart. This error is chosen to be the average squared distance of the curve to the point
cloud

eavg =
1

n + 1

n∑

i=0

‖P (tk) − Xk‖
2

whereas P (tk) is the foot point of Xk on the approximating B-Spline curve. The error
is plotted on a logarithmic scaled axis versus the corresponding number of iterations.

Figures 2.3, 2.4 and 2.6 show the results of a PDM, TDM and SDM based curve
fitting respectively. The point cloud gets more noisier and more complex throughout
the examples, illustrating the way curve fitting works with the presented algorithms.
However, these figures do not compare the methods directly - this is done in figures
2.7 and 2.8.

The first comparison visualizes the point cloud’s approximation after 30 iterations
of each algorithm. By eye it is possible to see that PDM gives the worst final result
while TDM and SDM seem to perform equally. This first impression is confirmed
by the error chart showing comparable convergence for tangent and squared distance
minimization while the point distance minimization method fits the data much more
slowly.

The second comparison focuses on TDM’s stability issues. For this experiment, no
successive reduction rule was applied in tangent distance minimization. This algorithm
gets trapped in a local minimum, while PDM and SDM both fit the point cloud with
good quality. PDM converges slower than SDM but seems to give a slightly better
solution after 100 iterations.

Finally an experiment examines the effects of the successive reduction rule. While
the standard TDM method fails to converge for the setup in figure 2.9, the damped
TDM algorithm shows a good and stable convergence behavior. Applying the succes-
sive reduction rule to PDM and SDM didn’t mean any improvement.
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(a) Initial setup (b) Approximation with PDM after 30 iter-
ations

(c) Approximation with TDM after 30 iter-
ations

(d) Approximation with SDM after 30 iter-
ations
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Figure 2.7: Comparison of the three methods PDM, TDM and SDM.
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(a) Initial setup (b) Approximation with PDM after 15 iter-
ations

(c) Approximation with TDM after 40 iter-
ations

(d) Approximation with SDM after 15 iter-
ations
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Figure 2.8: Comparison of the three methods PDM, TDM and SDM.
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(a) Initial setup (b) Final approximation with damped TDM
after 30 iterations
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Figure 2.9: Improved convergence of damped TDM.



Chapter 3

Curve Fitting and Obstacles

Chapter 2 described the classical curve fitting problem for point clouds and presented
three methods to approximate data points with a B-Spline curve. In this chapter we
want to go a step further and examine curve fitting of point clouds in the presence of
obstacles: besides the set of data points and the starting position of the approximating
curve regions are defined the final solution must not penetrate.

Technically, curve fitting in the consideration of obstacles poses a constrained op-
timization problem (while the minimization of chapter 2 was unconstrained). The
general curve fitting algorithm 1 will still be applicable, only the optimization in step
4 will be of a different kind.

In the beginning some theory on constrained optimization will be introduced. Then,
two approaches for finding a solution of a constrained problem will be studied and will
be applied to two general curve fitting problems in the presence of obstacles. Finally,
some applications are sketched.

3.1 Constrained Optimization

Given a non empty set X ⊆ R
n and a function f : X → R constrained optimization is

about
min f(x) subject to x ∈ X. (3.1)

Similar to unconstrained problems we may focus without loss of generality only on
minimization as

max
x∈X

f(x) = min
x∈X

−f(x).

The set X is called the feasible region and is usually defined by a collection of equality
and inequality constraints

min f(x) subject to gi(x) ≤ 0 1 ≤ i ≤ p

hj(x) = 0 1 ≤ j ≤ q.
(3.2)

20
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We will see that curve fitting in the presence of obstacles can be formulated as an
optimization problem with only linear constraints

min f(x) subject to aT
i x ≤ αi 1 ≤ i ≤ p

bT
j x = βj 1 ≤ j ≤ q.

(3.3)

Thus, the theory discussion in the remaining parts of this section concentrates mostly
on the linear constrained case.

Definition 3.1. For the minimization problem of (3.1)

(i) a vector x ∈ R
n is called feasible if x ∈ X.

(ii) a feasible vector x∗ ∈ R
n is called a global minimum if

f(x∗) ≤ f(x) ∀x ∈ X

Analogous, local, strict global and strict local minima are defined as for the uncon-
strained case.

In optimization, convex functions play an important role.

Definition 3.2. A function f : R
n → R is called convex if

f(αx + (1 − α)y) ≤ αf(x) + (1 − α)f(y) ∀ x, y ∈ R
n, α ∈ (0, 1)

An optimization problem is called a convex optimization problem if its objective func-
tion is convex.

Example 3.1. Let q(x) = 1
2xT Ax+ bT x+ c be a quadratic form. Then q(x) is convex

if and only if A is positive semi-definite, because

f(αx + (1 − α)y) =

1

2
αxT Ax +

1

2
(1 − α)yT Ay −

1

2
α(1 − α)(x − y)T A(x − y) + αbT x + (1 − α)bT y + c

≤ αf(x) + (1 − α)f(y)

since α > 0, (1 − α) > 0 and (x − y)T A(x − y) ≥ 0 only if A is positive semi-definite.

Definition 3.3 (Lagrange Function). The function L : R
n × R

p × R
q → R,

L(x, λ, µ) := f(x) +

p∑

i=1

λigi(x) +

q∑

j=1

µjhj(x)

is called the Lagrange Function of the constrained optimization problem (3.2).

The Lagrange Function is used in the definition of the fundamental Karush-Kuhn-
Tucker conditions.
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∇f
∇h

f

h(x)=0

Figure 3.1: Visualization of the KKT conditions.

Definition 3.4 (KKT conditions). For the optimization problem of (3.2) with f , gi

and hj ∈ C1 for i = 1, . . . , p and j = 1, . . . , q

(i) the conditions

∇xL(x, λ, µ) = 0

λi ≥ 0, gi(x) ≤ 0, λigi(x) = 0

hj(x) = 0

are called Karush-Kuhn-Tucker conditions (KKT conditions).

(ii) A triple (x∗, λ∗, µ∗) ∈ R
n×R

p×R
q meeting the KKT conditions is called Karush-

Kuhn-Tucker point (KKT point). λ∗ and µ∗ are called the Lagrange Multipliers.

Example 3.2. For a minimization problem with a single equality constraint

min f(x) subject to h(x) = 0

the KKT conditions ask for the gradients ∇f and ∇h to be linear dependent

∇xL(x, λ, µ) = ∇f(x) + λ∇h(x) = 0.

If we interpret the constraint as set of possible solutions, the minimum is found where
h has first order contact with a level set of f . This example is visualized in figure 3.1.

The KKT conditions demand λi ≥ 0, gi(x) ≤ 0, λigi(x) = 0. Thus, in a KKT point
(x∗, λ∗, µ∗) either λ∗

i or gi(x
∗) is zero. It’s convenient to summarize the indices of the

active inequalities in
I(x∗) := {i : gi(x

∗) = 0}.

The KKT conditions reduce to ∇f(x) = 0 if there are no constraints. That’s
why one may expect the KKT conditions to play an important role when formulating
necessary conditions for minimas in constrained optimization.

Results for necessary conditions in constrained optimization make use of Farkas’
Lemma.
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Lemma 3.1 (Farkas). For A ∈ R
m×n and c ∈ R

n one and only one of the following
two systems has a solution

(i) A · x ≤ 0 and cT · x > 0 for x ∈ R
n

(ii) AT · y = c and y ≥ 0 for y ∈ R
m

Proof. A proof of Farkas’ lemma is omitted here. It can be found for example in
[6].

Theorem 3.1 (Necessary conditions for linear constraints). Let x∗ be a minimum of
(3.3). Then, ∃ λ∗ ∈ R

p and µ∗ ∈ R
q such that

∇f(x∗) +

p∑

i=1

λ∗
i ai +

q∑

j=1

µ∗
jbj = 0,

bT
j x∗ = βj 1 ≤ j ≤ q ,

aT
i x∗ ≤ αi 1 ≤ i ≤ p ,

λ∗
i (a

T
i x∗ − αi) = 0 1 ≤ i ≤ p ,

λ∗
i ≥ 0 1 ≤ i ≤ p.

Proof. We can write problem (3.3) in the form

min{f(x) : Ax ≤ b, Mx = n}.

Let x∗ be a local minimum of (3.3) and d a feasible direction in x∗. Then,

M(x∗ + d) = n ⇒ Md = 0

and
AI(x∗)(x

∗ + d) ≤ bI(x∗) ⇒ AI(x∗)d ≤ 0.

Additionally, for any feasible direction d in x∗ ∇f(x∗)T d ≥ 0 holds, because x∗ is a
minimum. In summary, the system




AI(x∗)

M
−M



 · d ≤ 0, −∇f(x∗)T d > 0

has no solution.
From Farkas’ Lemma follows ∃ y = (λ, µ0, µ1)T , so that

[
AT

I(x∗) MT − MT
]
· y = −∇f(x∗).

With µ := µ0 − µ1 this simplifies to the KKT condition ∇f(x∗) + AT
I(x∗)λ + MT µ =

0.
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Given non-linear constraints, additional regularity requirements are necessary to
formulate necessary conditions for minima on top of the KKT conditions.

Theorem 3.2. Let (x∗, λ∗, µ∗) ∈ R
n × R

p × R
q be a KKT point of the convex opti-

mization problem

min f(x) subject to gi(x) ≤ 0 1 ≤ i ≤ p

bT
j x = βi 1 ≤ i ≤ q

(3.4)

whereas f and gi are continuous differentiable convex functions. Then, x∗ is a mini-
mum of (3.4).

Proof. Assume x is a feasible point of (3.4). Then, the convexity of f and the KKT
conditions give for any feasible x ∈ R

n

f(x) ≥ f(x∗) + ∇f(x∗)T (x − x∗)

= f(x∗) −

p∑

i=1

λ∗
i ∇gi(x

∗)T (x − x∗) −

q∑

j=1

µ∗
jb

T
j (x − x∗)

= f(x∗) −
∑

i∈I(x∗)

λ∗
i ∇gi(x

∗)T (x − x∗)

≥ f(x∗)

because
λ∗

i∇gi(x
∗)T (x − x∗) ≤ λ∗

i gi(x) − λ∗
i gi(x

∗) = λ∗
i gi(x) ≤ 0

as λ∗
i ≥ 0, gi(x) ≤ 0 in x and gi convex for i ∈ I(x∗).

The last two results summarized give the equivalency of the KKT conditions with
the solution of a convex optimization problem with linear constraints.

Corollary 3.1. Given the convex optimization problem of (3.4) whereas all constraints
are linear, x∗ is a minimum of (3.4) if and only if Lagrange Multipliers λ∗ ∈ R

p and
µ∗ ∈ R

q exist such that (x∗, λ∗, µ∗) is a KKT point of (3.4).

After some basic theory on constrained optimization we turn our focus on two
methods to solve constrained optimization problems: the penalty method and the
active set method.

3.1.1 Penalty Method

Penalty methods are classical techniques to solve constrained optimization problems
of the form

min f(x) subject to hj(x) = 0 1 ≤ i ≤ q.

Their basic idea is to deal with the given constrained problem by a series of un-
constrained problems which punish forbidden solutions more and more by adding a
weighted penalty term to the original objective function

P (x, αk) = f(x) + αkr(x),
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where r(x) ≥ 0 (∀x ∈ R
n) and r(x) = 0 for x ∈ X := {x : h(x) = 0}. αk is called

the penalty parameter and usually αk+1 ≥ αk holds. A common choice for the penalty
term is r(x) = ‖h(x)‖2 which leads to the penalty function

P (x, αk) = f(x) + αk‖h(x)‖2. (3.5)

Algorithm 2 (Penalty Method). Implementing this idea gives the following algorithm
for the penalty method

1. set k = 0 and αk = 0.

2. solve the unconstrained optimization problem min P (x, αk). Let xk be the corre-
sponding solution.

3. if r(xk) is smaller than a predefined error bound ǫ, stop.

4. otherwise increase k, update αk (e.g. by αk+1 = λαk, λ > 1) and continue with
step 2.

Considering the iterative nature of this penalty method makes it possible to apply
the general curve fitting algorithm to a constrained curve fitting by simply merging
the penalty method.

A penalty method as described above does not demand any smoothness character-
istics of h(x). Thus, it can be generalized to problem (3.2) by setting

r(x) = ‖max(0, g(x)) , h(x)‖2.

Historically, penalty methods were one of the first solutions to unconstrained op-
timization problems and are rather simple to realize. However, a big number of steps
might be necessary to find a solution of good quality. Additionally, as [6] points out,
the conditioning of the problem may worsen with increasing k.

The theory on penalty methods knows a class of penalty terms for which con-
crete convergence propositions can be made. Unfortunately, the classical penalty term
r(x) = ‖h(x)‖2 doesn’t fall into this category of exact penalty functions. Nevertheless,
the penalty method as described here works out pretty well for curve fitting of point
clouds in the presence of obstacles, as later sections will show.

3.1.2 Active Set Method

We have seen that penalty methods do not make use of any characteristics of neither
the objective function nor the functions describing the constraints. Thus they are very
versatile on the one hand but slow on the other hand. The active set method is a
specialized solver for quadratic programs with linear constraints

min f(x) =
1

2
xT · H · x + bT · x + k subject to aT

i x ≤ αi 1 ≤ i ≤ p

bT
j x = βi 1 ≤ i ≤ q.

(3.6)
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In the following, the active set algorithm is described, a detailed discussion is appended.
For the method’s description, some notation is needed. As before, I(xk) := {i :
aT

i xk = αi} is the set of active inequalities for the current iterate xk, giving the
method its name. In addition we write

Ak :=




...
aT

i ∀ i ∈ I(xk)
...




and B :=




bT
1
...

bT
q


 .

Algorithm 3 (Active Set Method). The active set method for linear constrained
quadratic programs involves the following steps

1. choose a feasible point x0 of (3.6). Set λ0 ∈ R
p and µ0 ∈ R

q to be the corre-
sponding Lagrange Multipliers and I0 := {i : aT

i x0 = αi}, k := 0.

2. if (xk, λk, µk) is a KKT point, stop.

3. for i /∈ Ik set λk
i := 0. Compute (△xk, λk+1

Ik
, µk+1) as solution of the system of

linear equations




H AT

k BT

Ak 0 0
B 0 0



 ·




△x
λIk

µ



 =




−∇f(xk)

0
0



 .

4. (a) if △xk = 0 and λk+1
i ≥ 0 (∀i ∈ Ik), stop.

(b) if △xk = 0 and mini∈Ik
λk+1

i < 0, compute index j as λk+1
j = mini∈Ik

λk+1
i

and set

xk+1 := xk

Ik+1 := Ik\{j}.

Continue with step 5.

(c) if △xk 6= 0 and xk+1 := xk +△xk is a feasible point of (3.6), set Ik+1 := Ik

and continue with step 5.

(d) if △xk 6= 0 and xk+1 := xk + △xk is not feasible, compute index r as

αr − aT
r xk

aT
r △xk

= min

{
αi − aT

i xk

aT
i △xk

∣∣∣ i /∈ Ik with aT
i △xk > 0

}
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and set

tk :=
αr − aT

r xk

aT
r △xk

,

xk+1 := xk + tk△xk,

Ik+1 := Ik ∪ {r}

and continue with 5.

5. set k := k + 1 and continue with step 2.

We start our discussion of the active set algorithm at step 3. From corollary 3.1 and
example 3.1 follows directly that the KKT conditions are equivalent to the solution
of a quadratic program with semi-definite matrix H and linear equality constraints.
Thus, the solution of (

H BT

B 0

)
·

(
x
µ

)
=

(
−b
β

)
(3.7)

is a KKT point. By setting x := xk +△xk with xk a feasible point of (3.7) and making
use of ∇f(x) = H · x + c the system of (3.7) can be transformed to

(
H BT

B 0

)
·

(
△x
µ

)
=

(
−∇f(xk)

0

)
. (3.8)

In summary, one gets a KKT point from a feasible point xk for a problem with linear
equality constraints by solving (3.8).

Exactly that’s what is done in step 3 of the algorithm. At the beginning of step
4, (xk + △xk, λk+1, µk+1) is a KKT point of the sub-problem defined by Ik with only
linear equality constraints. That’s why we can stop immediately if △xk = 0 and
λk+1

i ≥ 0 ∀i ∈ Ik as we have found a KKT point for the problem at all (λk+1
i = 0 for

i /∈ Ik).
On the other hand, if △xk = 0 and λk+1

j < 0 for j ∈ Ik, it’s necessary to remove an
active side condition from Ik, because no further improvement is possible with current
Ik.

For △xk 6= 0 we accept a feasible xk+1 naturally and continue without any modi-
fications to Ik. However, if xk+1 turns out to be not feasible, we perform the biggest
update xk+1 := xk + tk△xk possible (tk > 0) up to the border of the feasible region,
which implies

aT
i xk+1 = aT

i xk + tkai△xk ≤ αi ∀i /∈ Ik.

For those indices i /∈ Ik with aT
i △xk ≤ 0 this condition holds anyway, because aT

i xk ≤
αi by definition. For all other indices, we get from this relation

tk ≤
αi − aT

i xk

aT
i △xk

and we choose

tk = min

{
αi − aT

i xk

aT
i △xk

∣∣∣ i /∈ Ik with aT
i △xk > 0

}
.
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Of course we have to add the index of the inequality side condition giving the minimum
to Ik, as it is now an active inequality.

This last ”projected” update explains why the active set method belongs to the
class of projection methods in constrained optimization.

3.2 Applications

As mentioned before, curve fitting in the presence of obstacles is regarded as a con-
strained non-linear optimization problem. Because of its advantageous performance,
SDM is used as basic fitting algorithm and will be exposed to constraints. The penalty
method and the active set method are applied as constrained optimization solvers.

We are going to study two different kinds of constraints. At first, the point cloud
itself is interpreted as obstacle. Second, the approximating curve is required to avoid
user defined smooth bounded regions in the plane.

3.2.1 Point Cloud as Obstacle

Considering the noisy point cloud in figure 2.9 for example, one might ask for an
approximation of the inner or outer border of the point cloud instead of computing a
fitting by means of least squared errors. This can be achieved by taking the points as
obstacles into account.

Penalty Method

If we recall the description of the penalty method in algorithm 2, the penalty factor
α is zero for the first number of iterations. Thus, these beginning steps are equivalent
to a standard curve fitting. Only if the approximation of the point cloud is already
sufficiently good, the penalty term is increased and starts pushing the curve out of the
forbidden region.

Let the approximating B-Spline curve be oriented in such a way that the normal
vector points outside. Then,

rpc(c) =
∑

k∈I(c)

‖Pc(tk) − Xk‖
2 (3.9)

for I(c) := {i : (Pc(ti) − Xi)
T
· Ni < 0} defines a penalty term to approximate the

outer border of the input data points. In summary, the penalty function is

P (c, αk) =

n∑

k=0

eSDM,k(c) + λFr(c) + αk

∑

k∈I(c)

‖Pc(tk) − Xk‖
2. (3.10)

Just as for the error terms in chapter 2 we need to write the penalty term as
quadratic form in the displacement c. Luckily, this doesn’t require any additional work
in this case because rpc(c) is the point distance minimization error term ePDM,k(c) for
k ∈ I(c).
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(a) Initial setup (b) Approximation after 9 iterations with
α = 0 (standard SDM)

(c) Final enclosing

αk Iterations rpc

0 9 -
5 2 1.9 · 10−3

25 2 3.64 · 10−4

125 2 6.7 · 10−5

(d) Number of iterations and value of pen-
alty term per penalty factor αk

Figure 3.2: Enclosing of a point cloud with the penalty method.
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Figure 3.3: Enclosing a point cloud from inside and outside with the penalty method.

Figure 3.2 shows a penalty based curve fitting enclosing the given point cloud by
employing (3.10). Factor λ of the smoothing term was set to be 0.001 in the beginning
and was decreased at each iteration step. The penalty factor started at zero and was
increased according to the rule αk+1 = 5 · αk each time the gradient of the objective
function was below a certain threshold of 0.3. The point cloud consists of 150 data
points. Table 3.2d presents some key figures of the algorithm.

Figure 3.3 summarizes the result of two separate runs of the penalty based algo-
rithm. The point cloud is enclosed from outside as well as from inside. Defining the
orientation of the approximating B-Spline curve as before, the inner border is obtained
by replacing index set I(c) in (3.9) with I(c) := {i : (Pc(ti) − Xi)

T
· Ni > 0}. The

smoothing term and the penalty factor didn’t change compared to the previous ex-
ample, while the gradient threshold was decreased to 0.15. For each curve it took the
algorithm 15 iterations to get the final results.

Active Set Method

The active set method is the second algorithm we use to solve constrained optimization
problems. From the discussion in section 3.1.2 we may expect results of comparable
quality in a smaller number of iterations. Additionally, the active set strategy is
applicable to more scenarios as the penalty method. The latter one requires a curve
alike shaped point cloud, as the first steps of the approximation are simply a standard
curve fitting. The active set method overcomes this limitation and may be used to
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(a) Initial setup (b) Final enclosing

Figure 3.4: Enclosing of a point cloud with the active set method.

enclose a point cloud representing a filled region in the plane.
Defining the orientation of the approximating B-Spline curve as before,

(Pc(tk) − Xk)
T
· Nk > 0 0 ≤ k ≤ n

are suitable linear constraints to approximate the extent of a given set of points X =
{Xk : k = 0, . . . , n}. Thus, the optimization problem altogether can be written as

minimize F (c) =

n∑

k=0

eSDM,k(c) + λFr(c)

subject to (Pc(tk) − Xk)
T
· Nk > 0 0 ≤ k ≤ n.

(3.11)

It is more convenient to rewrite these linear constraints in the form

Alc · c ≤ blc

since this was the common way restrictions were described in the theory discussed
above. Expansion of the side conditions in (3.11) and summarizing by the unknown
displacement c gives

(Alc)i,2j...2j+1 = (−Bj(ti) · Ni)
T 0 ≤ i ≤ n, 0 ≤ j ≤ m

and
(blc)i = NT

i · (P (ti) − Xi) 0 ≤ i ≤ n.

In figure 3.4 the outer border of a point cloud is approximated, according to (3.11).
The final enclosing was achieved after only 8 iterations of the outer general curve fitting
algorithm. The regularization factor λ was 0.0001 in the beginning and decreased at
each iteration step.

A second example may illustrate the ability of the active set method to not just
reconstruct the inner and outer border of noisy curve samples but also to approximate
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(a) Initial setup (b) Final enclosing

Figure 3.5: Enclosing of a point cloud representing a filled region with the active set
strategy.

the border of a general point cloud. Figure 3.5 shows the result of this variation of a
convex hull algorithm. The smoothing factor λ was set to be 0.001 in the beginning
and was reduced over the iteration.

Geometric Interpretation

Geometrically, this constrained optimization may be interpreted as follows. A mini-
mization of

F (c) =

n∑

k=0

‖Pc(tk) − Xk‖
2

subject to the linear inequality constraints

gk(c) = (Xk − Pc(tk))T · Nk ≤ 0 0 ≤ k ≤ n

encloses a point cloud from outside. Corollary 3.1 states that in a minimum c∗

−∇F (c∗) =
∑

i∈I(c∗)

λi∇gi(c
∗)

must hold. Computing the gradients and summing up gives

n∑

k=0

(Pc(tk) − Xk) =
∑

i∈I(c∗)

λiNi

thus revealing that the overall distance of the approximating curve to the point cloud
is defined as a linear combination of the curve’s normal vectors just only in the ac-
tive points I(c∗). If we interpret the vectors from Xk to Pc(tk) as forces again, the
disequilibrium of the fitting is determined by the active points’ normals.
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N0

N1

N2
N3

N4

Figure 3.6: The active points’ normals define the fitting’s flaw in constrained curve
fitting.

3.2.2 Smooth Obstacles

It is a natural first step in constrained curve fitting to interpret the point cloud itself
as obstacle. Generally, one wants to specify smooth bounded, arbitrary regions in the
plane which the fitting curve must not penetrate.

A penalty as well as an active set based algorithm requires information for any point
in the plane on whether it lays inside or outside a forbidden area and on its distance
to the closest obstacle’s border. As an analytic representation of both properties may
only be available in special cases, information on the interior of the obstacles and the
distance map are computed for a discretization of the input plane, on a uniform grid.
Therefor let Ω ⊂ R

2 be a rectangular input region and Ωh := {(xi, yj) ∈ Ω : xi =
ih, yj = jh with i, j ∈ Z} its discretization as uniform grid of step width h in both
coordinate directions.

The forbidden areas are defined by their smooth boundaries, for example closed
B-Spline curves. These borders could be transformed to Ωh by discretization of a set
of dense sample points.

Marking the inner grid point of an obstacle is equivalent to the problem of filling
areas in computer graphics. [8] describes a boundary fill algorithm solving the problem.

Algorithm 4 (Boundary Fill Algorithm). Let B be the border of an object on an
uniform grid Ωh. Then, for a given inner point p = (xi, yj), all inner points of the
object are found as follows

1. if p ∈ B or p already marked as inner point, stop.

2. otherwise, mark p as inner point.

3. recursively, apply this algorithm to the neighboring grid points (xi±1, yj±1) of p.

Let B be the set of the objects’ boundary points. Tsai’s algorithm in [26] computes
for each grid point p ∈ Ωh the closest point F (p) ∈ B and the distance d(p) from p to
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F (p). This algorithm works by sweeping through Ωh. For example, sweep direction
(x+, y−) means processing all points (xi, yj) ∈ Ωh in the given order j = n, . . . , 0 for
each single i = 0, . . . , n. The other sweeping directions (x+, y+), (x−, y+) and (x−, y−)
are defined accordingly.

Algorithm 5 (Tsai’s Closest Point Solver). Tsai’s algorithm involves the following
steps

1. for all discretized border points p compute the exact distance d(p) to the closest
obstacle’s border and the exact foot point F (p) on that boundary. Mark these
border grid points as done. For all other p ∈ Ω, set d(p) = ∞.

2. Iterate through each grid point p = (xi, yj) in each sweeping direction and un-
dertake the following computations

(a) for each neighbor nk := (xi±1, yj±1) of p compute dtmp
k = ‖p − F (nk)‖2.

(b) if dtmp
k < mink d(nk), set dtmp

k = ∞.

(c) set d(p) = mink dtmp
k and F (p) = F (nl) where l is the index of minimal

dtmp
k .

The check on dtmp
k in step 2b is necessary to ensure the monotony of the obtained

distance map d.

Penalty Method

A penalty method for curve fitting in the presence of smooth obstacles makes use of
the information available from the two algorithms described above. The penalty term
sums up the squared distances from those curve sample points inside an obstacle to
the closest obstacle’s border points

rso(c) =
∑

k∈I(c)

‖Pc(tk) − F̃k‖
2

where I(c) := {i : Pc(ti) inside an obstacle} and F̃k the closest point of Pc(tk) on the
corresponding obstacle’s border.

As long as there is only a single obstacle, the penalty method works straight forward
this way by minimizing

P (c, αk) =

n∑

k=0

eSDM,k(c) + λFr(c) + αk

∑

k∈I(c)

‖Pc(tk) − F̃k‖
2.

However, if there are multiple obstacles, the penalty algorithm may face problems:
as soon as the approximating curve leaves one forbidden region completely, it will jump
back to the interior in the next iteration step to fit the point cloud best, as there is no
penalty term for this obstacle anymore.
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(a) Initial setup (b) Approximation with a penalty factor of
zero

(c) Final approximation

Figure 3.7: Curve fitting in the presence of smooth obstacles with a penalty method.

A possible solution to this problem does not only include interior curve samples to
I(c) but also points on the obstacles’ borders. As those sample points are close to the

minimum of ‖Pc(tk) − F̃k‖
2 they fairly stabilize the fitting curve. In order to avoid a

too early attraction of the approximating curve by the obstacles’ borders, we only add
sample points to I(c) where the curve intersects with the boundary at a sufficiently
small angle α. In summary, penalty terms for sample points with index in

I(c) := {i : Pc(ti) inside an obstacle or a border point with ∠(Ti, T̃i) < α}

are computed. Here, Ti denotes the tangent of the fitting curve in Pc(ti) and T̃i the

tangent of the obstacle’s boundary in foot point F̃i.
Figure 3.7 applies this penalty method to a curve fitting in consideration of three

smooth bounded obstacles. The penalty factor was set to zero in the beginning and
was increased each time the gradient of the objective function was smaller than 0.1.
The weighting factor λ of the smoothing term was 0.0005 in the first iteration and
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(a) Initial setup (b) Final approximation

Figure 3.8: Curve fitting in the presence of smooth obstacles with the active set
method.

was decreased at each further turn. The final approximation was reached after 20
iterations. Please note that the number of control points is adequate to fit the original
point cloud in figure 3.7b but not to approximate the obstacles’ borders in 3.7c well.
Increasing the number of control points a priori would improve the final result.

Active Set Method

With the data of the Boundary Fill Algorithm and Tsai’s Closest Point Solver, the
active set method can be deployed for a curve fitting in the presence of smooth obstacles
as well. Let the border of all obstacles be oriented in such a way that the normal vectors
point outside the forbidden regions. Then,

(
Pc(tk) − F̃k

)T

· Ñk > 0 ∀k ∈ I(c)

may be used as linear constraints in curve fitting, where F̃k denotes the closest point
of Pc(tk) on an obstacle border and Ñk the normal vector in that foot point F̃k. These
linear constraints come into effect for all sample points Pc(tk) in I(c), which includes
points that lie

• inside an obstacle,

• on an obstacle’s border

• or within a certain distance to an obstacle.

By taking this last criteria into account, the approximating B-Spline curve remains
close to an obstacle’s border in successive steps of the algorithm instead of penetrating
the forbidden region again to fit the data points.

If the linear constraints are active from the beginning, the active set method may be
attracted by a local minimum or get unstable at all. It turned out to be advantageous
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global loop

local loop

Figure 3.9: Offset curve with local and global loops.

to do some standard SDM iterations (thus ignoring the obstacles) before applying the
constraints.

In figure 3.8, a point cloud is approximated in a curve fitting in the presence of
four obstacles. As in the previous example, the smoothing factor was 0.0005 in the
beginning and was decreased at each iteration step. The final result was obtained after
20 iterations at all, while the first 10 steps were a standard SDM fitting.

3.2.3 Error Bound Approximation

After the discussion of these two general applications we turn our attention to two
more concrete examples of constrained curve fitting. At first, let c(t) be an arbitrary
closed parametric curve in the plane, not necessarily a B-Spline curve. Then, one
might ask for a B-Spline approximation P (t) of c(t) of guaranteed quality, e.g. within
a predefined error bound ǫ.

This problem can be easily transformed to a curve fitting problem under consid-
eration of obstacles. By sampling c(t) we obtain a point cloud X ; determining the
±ǫ offsets to c(t) defines the boundaries of the feasible region the final approximation
must lie inside. The obstacles of the problem are then given as the complement of this
feasible region.

Computing offsets to a curve is a non trivial task. Even if the input curve is not
self intersecting, the offset curves may include local and even global loops. [15] gives
a comprehensive review of an algorithm for detecting and deleting such loops. For
the sake of simplicity, we limit the further discussion to offset curves with only local
loops, which can be identified rather simple with a polygonal approximation of the
offset curve. In order to achieve this, the original curve c(t) is offset only in sample
points, thus giving a piecewise linear segment approximation of the offset curve. From
this piecewise linear approximation, any redundancies and intersections are removed,
leaving a set of parameter values where the original curve contributes to the offset.
For these parameter value ranges, the offset curve is computed finally.

Returning to the discussion of error bounded approximation, it is of interest to
examine if this obstacle motivated setup does hold any benefits if compared to a
standard curve fitting, e.g. SDM. As the general curve fitting algorithm asks for the
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(a) Initial setup: point cloud and two obsta-
cles
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Figure 3.10: Error bounded curve fitting.

computation of the point cloud’s foot points anyway, the additional requirement

max
0≤k≤n

d(P (tk), Xk) < ǫ

guarantees an ǫ-tube approximation with SDM, too.
The experiments showed that neither method is superior to the other one. For

different settings once this, once that algorithm was faster. Even the stability of both
was comparable satisfactory.

On the one hand, one might expect faster convergence of the obstacle based ap-
proach due to the additional constraints that force the approximating curve into the
feasible region. However, SDM produced valid solutions as quick.

On the other hand, the error bounded approximation incorporates the idea to fit the
original curve less exact (though still feasible) in some places in order to obtain a valid
overall approximation for problematic settings. However, the results of the experiments
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(a) Sampled object’s boundary (b) Initial setup: point cloud after 20 shakes

(c) Final B-Spline hull after 10 iterations

Figure 3.11: B-Spline hull for a shaking object.

do not show this happening. And indeed, curve fitting with B-Splines rather requires
additional control points in zones of bad approximation, which makes standard SDM
an equivalent good solution again. The automatic insertion (and deletion) of control
points for SDM is discussed in [30].

Figure 3.10 compares both methods. The original curve, a B-Spline curve of degree
3, was sampled to get a point cloud of 200 elements. The approximating B-Spline curve
was chosen to be of degree 2 and was ruled by seven control points. Both methods
perform similar, the resulting approximations distinguish significantly only for very
few regions.

3.2.4 Shaking Objects

Another application of constrained curve fitting originates from the field of engineering.
There, engineers face the problem of choosing an optimal hull for an object’s swept
volume. Imagine a working engine: its shaking while in operation makes it take many
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different positions. The task is to surround the operating engine by an envelope on
avoiding any contact between the engine and the hull at the same time.

Like in the previous sections we limit our discussion to the two dimensional case.
The problem’s input is the boundary of the moving body, which is sampled to obtain
an initial point cloud X . The shaking of the object is simulated by applying a certain
number of random translations and rotations to the point cloud. The results of all
displacements is summarized into a big point cloud

X :=
⋃

i

{αi(x) = Ri · x + ci : x ∈ X} .

Matrix Ri =

(
cos θi − sin θi

sin θi cos θi

)
describes the two dimensional rotation matrix for

angle θi and ci ∈ R
2 the i-th translation vector.

Then, computing a hull of X reduces to a curve fitting of a point cloud in the
presence of obstacles, where the obstacle is the point cloud itself (see section 3.2.1).

In figure 3.11, the computation of a B-Spline curve hull is visualized. The bound-
ary of the initial object was sampled in approximately 150 points and exposed to 20
movements afterward. The approximating quadratic B-Spline curve is controlled by 20
control points. The final result was obtained after 10 iterations, the active set method
was applied as constrained optimization solver.



Chapter 4

Curve Fitting on Manifolds

After studying unconstrained and constrained curve fitting of point clouds we want
to extend the work to curve fitting of point clouds on two dimensional manifolds. In
order to avoid any approximation in three dimensions we choose the manifold to be
a parametric surface and perform the optimization in the parameter space instead,
while taking the inner geometry of the manifold into account at the same time. One
might expect this additional work to improve the final fitting noticeable.

The following sections are organized as follows: first, some basic definitions and
results of Differential Geometry are sketched. Then, two modifications to the general
curve fitting algorithm are discussed which incorporate intrinsic geometric properties
of the manifold. Finally, experimental results of this theoretical work are presented.

4.1 Some Elementary Differential Geometry

We restrict our discussion of curve fitting on manifolds to parametrized surfaces. In
computer aided geometric design such parametrized surfaces are very common.

Definition 4.1 (Parametrized Surface). A parametrized surface is a vector valued
differentiable mapping f : U ⊆ R

2 → R
3. u = (u0, u1) ∈ U are called the surface’s

parameters, U is called the parameter space. f is given by its coordinate functions

f(u) =




f0(u0, u1)
f1(u0, u1)
f2(u0, u1)



 .

B-Spline surfaces, a generalization of B-Spline curves, are a very popular example
for parametrized surfaces.

Example 4.1 (Multivariate B-Splines). We obtain multivariate B-Splines from the
univariate B-Spline curves treated in Appendix B by a tensor product construct. A

41
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u0

u1

u

U

f f(u)

f(U)

Figure 4.1: Definition of a parametrized surface.

bivariate B-Spline surface in R
3 would be of the form

P (u0, u1) =
n∑

i=0

m∑

j=0

Bik(u0)Bjl(u
1)dij

where Bik(u0) is a univariate B-Spline curve of degree k and Bjl(u
1) a univariate

B-Spline curve of degree l respectively. The control points dij are elements of R
3.

Definition 4.2 (Tangential Vector). Let û = (û0, û1) be a point in parameter space
U . Then,

f0(û) =
∂

∂u0
f(u)

∣∣
u=û

and f1(û) =
∂

∂u1
f(u)

∣∣
u=û

are the tangential vectors of f in û with respect to parameters u0 and u1.

Naturally, tangential vectors lead to tangential planes.

Definition 4.3 (Tangential Plane). For a point u = (u0, u1) in U , the plane spanned
by the tangential vectors f0 and f1

Tu : f (u) + α0f0 + α1f1 (α0, α1) ∈ R
2

is called the tangential plane of f in u.

Curve fitting on manifolds naturally deals with curves on surfaces. Besides a pa-
rameter space U ⊆ R

2 and a surface f a plane curve c(t) ⊂ U , t ∈ I ⊆ R, is given

t → f∗(t) = f(c(t)) = f(c0(t), c1(t)).

For the tangential vector of f∗

d

dt
f∗(t)

∣∣
t=t0

= fiċ
i
∣∣
t=t0

holds.
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Figure 4.2: Parametrized curve on parametrized surface.

In this expression, the Einstein summation convention comes into effect for the
right handed side. According to the Einstein summation convention, an index, occur-
ring more than once in a term, is summed up over all possible values. That is in this
example

f iċ
i
∣∣
t=t0

= f0ċ
0(t0) + f1ċ

1(t0).

To study geometry on manifolds further, a tool to measure lengths and angles is
necessary. The first fundamental form may be used therefore.

Definition 4.4 (First Fundamental Form). The quadratic form G in a point u ∈ U
defined by

G(u) := (gij(u))
i,j=1,2 =

〈
f i(u), f j(u)

〉

is called the first fundamental form.

G(u) is a positive definite, symmetric matrix. By choosing {f0(u), f1(u)} as basis
of the tangential plane Tu, the first fundamental form defines an Euclidean scalar
product on Tu. In general, the first fundamental form assigns each tangential plane
Tu a scalar product. For two dimensional surfaces in R

3, the first fundamental form
is the dot product induced from the standard scalar product in R

3 by restriction.
As soon as a scalar product is available it’s possible to define a norm

‖u‖G :=
√
〈u, u〉G =

√
uT · G(u) · u

and furthermore a metric
dG(u, v) = ‖u − v‖G.

With the first fundamental form it becomes possible to work only on the surface,
from an intrinsic point of view. The embedding space (the extrinsic view) isn’t impor-
tant anymore.

If we consider the tangential plane Tu of f in u ∈ U again we see that it can be
obtained by linearization of f in u

f (u + x) ≈ f (u) + ∇f (u)x = f(u) + f ix
i.

As {f0, f1} denotes a basis of Tu and f(u) is just the translation of the tangential
plane out of the origin, a point x = (x0, x1) has the same coordinates in U and in Tu.
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Thus it’s convenient to apply the first fundamental form in the parameter space U as
scalar product reflecting the inner geometry of the surface.

The first fundamental form is just a single example for a choice of a scalar product
in every point of a manifold. A generalization of this concept is the Riemannian metric
tensor, assigning each point of a manifold a symmetric, positive definite inner product.
A manifold together with a Riemannian metric tensor is called a Riemannian manifold.

It is possible to generalize the computation of the gradient to Riemannian mani-
folds. In R

n, the gradient ∇h of a continuously differentiable scalar valued function h
can be defined as that vector for which

Dvh = ∇h · v ∀v ∈ R
n (4.1)

holds, whereas Dv denotes the directional derivative of h with respect to v. The
analogue of Dvh on surfaces is the directional derivative in a point p of the surface S

dph : Tp → R

defined by choosing v ∈ Tp and a smooth parametrized curve c : (−ǫ, ǫ) → S with
c(0) = p and ċ(0) = v

dph(v) :=
d

dt
(f ◦ c)

∣∣
t=0

.

By additionally replacing the standard scalar product in (4.1) with a Riemannian
metric G, we can define the gradient ∇Gh as

X = ∇Gh ⇔ dph(v) = 〈X, v〉G.

In the following, we consider only two dimensional surfaces again. In a point
p = f(u0, u1) of the surface, f0 and f1 form a basis of Tp. Thus the gradient X ∈ Tp

can be written as X = fiX
i. Applying the definition of the gradient on Riemannian

manifolds and making use of the first fundamental form G as scalar product on Tp

gives
∂h

∂f j

= dph(f j) = 〈X, f j〉G = 〈X if i, f j〉G = X igij .

By taking inverses, we get the components of the gradient X = ∇Gh as

X i = gij ∂h

∂f j

where gij denotes the inverse metric tensor elements. In matrix notation we can write
(G symmetric!)

∇Gh = G−1∇h. (4.2)

4.2 Foot Point Computation

With the first fundamental form a measure incorporating properties of the surface
is available for the parameter space. If we have a look at the general curve fitting
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Figure 4.3: Geodesic g is the shortest distance from p to c(t) on surface S. The
geodesic circles li intersect with the geodesic orthogonally, as do so the offsets of the
curve’s distance function d.

algorithm two steps may benefit from this new scalar product: the foot point and the
error term computation.

In the plane, computing the shortest distance from a curve c(t) to a point p meant
identification of that vector orthogonal to c(t) passing through p. On a surface, this
can’t work as the connecting line will most likely be leaving the surface and pass
through the embedding space. On surfaces, curves minimize the distance between two
points, such curves are called geodesics.

Consider the foot point problem on a surface. If we choose a ”geodesic” circle
centered at point p and enlarge it within the manifold until it touches the curve, it will
do so in a single point. The geodesic - as minimizer of the distance from the curve to
the point - is perpendicular to the curve in that foot point, as it is in every intersection
point of the growing geodesic circle around p.

On the other hand, if we take a look at the distance function of a curve on the
surface, the geodesics intersect orthogonally with the isolines of the curve’s distance
function. This setup with the isolines and the geodesics as coordinate axes respectively
is called geodesic parallel coordinates.

The foot point computation is a complex task on manifolds. In the plane we used
a Newton iteration to minimize

g(t) = ‖c(t) − p‖2.

If we transfer this approach to the parameter space, we switch to the norm induced
by the first fundamental form. We write G(t) for G(c(t)) and ask for a minimum of

g(t) = ‖c(t) − p‖2
G(t) = (c(t) − p)T · G(t) · (c(t) − p). (4.3)

It’s important to be aware of the fact that we compare lengths measured with
different norms here. But as some kind of simplification is necessary anyway and the
changes compared to the initial foot point computation in the plane are relatively
small, the use of ‖ . ‖G(t) is a reasonable choice. In addition, experiments will show
that this way of solving the shortest distance problem in an approximate way works
out well.
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Applying a Newton iteration to solve (4.3) requires the first and second derivative
of g(t). They are obtained by using the chain rule for functions in several variables

D(F ◦ G) = ((DF ) ◦ G) (DG)

where DF denotes the Jacobian

DF =




D0F0 · · · DmF0

...
. . .

...
D0Fn · · · DmFn




for F : R
m → R

n. DiFj means the i-th partial derivative of the j-th coordinate
function of F .

Thus, the first derivative of (4.3) is

g′(t) = ċ(t) · G(t) · (c(t) − p) +
1

2
(c(t) − p) · Ġ(t) · (c(t) − p)

whereas the element-wise derivation of the first fundamental form consists of terms of
the form

d

dt

[
f i(c(t)) · f j(c(t))

]
= fT

i (c(t)) · Df j(c(t))ċ(t) + fT
j (c(t)) · Df i(c(t))ċ(t).

Analogous, the second derivative of (4.3) turns out to be

g′′(t) = c̈(t) · G(t) · (c(t) − p) + 2ċ(t) · Ġ(t) · (c(t) − p)+

ċ(t) · G(t) · ċ(t) +
1

2
(c(t) − p) · G̈(t) · (c(t) − p)

with the repeatedly element-wise derivated elements of G(t)

d2

dt2
[
f i(c(t)) · f j(c(t))

]
= 2Df i(c(t)) · ċ(t) · Df j(c(t)) · ċ(t)+

fT
j (c(t)) · D2f i(c(t)) · ċ(t) + fT

i (c(t)) · D2f j(c(t)) · ċ(t)+

fT
j (c(t)) · Df i(c(t)) · c̈(t) + fT

i (c(t)) · Df j(c(t)) · c̈(t).

In summary, the update in the i-th step of a Newton iteration solving the foot
point problem on manifolds is given by

ti+1 = ti + δi

with

δi = −
g′(ti)

g′′(ti)
.

By using the first fundamental form as measure for distances throughout the New-
ton iteration, the successive selection rule can be applied as well for an additional step
width control, improving the stability of the algorithm.
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4.3 Tangent Distance Minimization on Manifolds

Besides the foot point computation, the first fundamental form helps to adapt the
general curve fitting algorithm to manifolds in the computation of the error term. In
step 3 of algorithm 1, the current error of the approximation is written as a quadratic
form, variable in the linear displacement of the control points. This function is then
minimized to obtain the update for the approximating B-Spline curve.

We derive a tangent distance minimization alike approximation of the squared
distance function on manifolds. Motivated by the results so far we do so in the pa-
rameter space U . Let Pc(t) represent the approximating B-Spline curve, X = {Xk :
k = 0, . . . , n} the point cloud and Pk = Pc(tk) the foot point of Xk computed with
the foot point algorithm discussed before. All these are elements of parameter space
U . Then, a quadratic Taylor approximation of the squared distance function

d2(x) = ‖Pc(t) − x‖2

in Pk is the squared distance to the tangent in Pk

d2
k(x) =

[
(x − Pk)T · ∇d(Pk)

]2

(compare section 2.3.3). As d is the distance function, ‖∇d‖ = 1 holds. Expressing
this condition with the first fundamental form gives

‖∇Gd‖G =
(
G−1∇d

)T
G · G−1∇d = ∇dT G−1∇d = 1.

Thus, we choose

esTDM,k =
[
(Pc(tk) − Xk)T · Nk

]2

subject to the side condition
NT

k · G−1
k · Nk = 1

as error term for curve fitting on manifolds, inspired by tangent distance minimization
and realized in the parameter space.

In order to express the relation to standard TDM we refer to this method as sTDM
shortly. Again, the successive reduction rule is necessary for an acceptable convergence
behavior due to the same reasons as for tangent distance minimization. The matrix
notation for TDM on surfaces does not differ from the expressions in 2.3.3 for standard
TDM, with tk, dk and Nk computed as described above.

4.4 Results

The input to the following experiments are a point cloud and the approximating B-
Spline curve in parameter space. In addition, we require a surface the fitting is sup-
posed to happen on. Tensor product B-Spline surfaces are commonly used in CAGD.
All the following surfaces are of this type, defined by 25 control points organized on a
5 × 5 grid. Both univariate input B-Spline curves are of degree 2.
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By replacing the original foot point computation with the formulas of section 4.2
and using esTDM as error term, the general curve fitting algorithm 1 may be used for
a curve fitting of point clouds on manifolds. Therefore, the algorithm is applied to
the curve and the point cloud in parameter space - only the final result is taken to R

3

for visualization. Like in all previous chapters, the fitting happens in two dimensions.
Only this time, the surface’s properties influence the way distances are measured in
U .

According to this idea, an approximation’s quality is measured with the norm
implied by the first fundamental form. Thus,

eavg =
1

n + 1

n∑

i=0

‖P (tk) − Xk‖
2
Gk

(4.4)

is used as average error, computed in parameter space.
The first result is summarized in figure 4.4 and shows a curve fitting of a point

cloud with 200 points on a surface. The input situation in parameter space is given,
including the approximating cubic B-Spline curve ruled by 12 control points. Similar
to the standard curve fitting techniques, the smoothing term Fr2 (minimizing the
bending energy) was applied. The weighting factor was set to 0.01 in the first step
and was halved at each successive iteration.

The final approximation was achieved after 20 iterations, the result is visualized
in parameter space as well as on the surface in the embedding space R

3. The dia-
gram holding the decrease of the approximation error shows a reasonable convergence
behavior of sTDM.

After developing a special method for curve fitting on surfaces, the question whether
the new algorithm outperforms a standard curve fitting neglecting any surface specific
properties arises naturally. The second experiment (in figure 4.5) compares sTDM to
SDM. Of course, the initial setup was the same for both techniques and consisted of a
point cloud with 150 elements and an approximating B-Spline curve of degree 2 with
9 control points.

Both methods were applied to fit the points in 30 iterations, at each step the error
was measured with (4.4). Not only that the error of sTDM is smaller than that of
SDM, the final approximating curves are even of different shape. This advantage of
sTDM was observed throughout numerous experiments.

Chapter 3 deals with several scenarios of curve fitting in the presence of obstacles.
The most general case considering smooth bounded forbidden regions can not be ap-
plied directly to a fitting on surfaces, as the distance field computation would need
to be adapted to take care of the surface’s characteristics. However, interpreting the
point cloud itself as obstacle works out straight forward.

The objective function based on the sTDM error term subject to the constraints

(Pc(tk) − Xk)
T
· Nk > 0 0 ≤ k ≤ n

is minimized with the active set method. This is done in figure 4.6 for a point cloud
consisting of 150 points, a cubic B-Spline curve and 13 control points. The final result
was obtained after 20 iterations.
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(a) Initial setup in parameter space (b) Final approximation after 20 iterations
in parameter space

(c) Final approximation after 20 iterations
on the surface
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(d) Decrease of error

Figure 4.4: Curve fitting on manifolds.
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(a) Initial setup in parameter space
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(b) Comparison of error for sTDM and SDM

(c) Final approximation with SDM after 30
iterations in parameter space

(d) Final approximation with SDM after 30
iterations on the surface

(e) Final approximation with sTDM after 30
iterations in parameter space

(f) Final approximation with sTDM after 30
iterations on the surface

Figure 4.5: Curve fitting on manifolds, compared to standard curve fitting.
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(a) Initial setup in parameter space (b) Final approximation after 20 iterations
in parameter space

(c) Final approximation after 20 iterations on the sur-
face

Figure 4.6: Constrained curve fitting on manifolds.



Chapter 5

Curve Fitting in the L
1 Norm

5.1 Introduction

So far, curve fitting relied on objective functions of the form

F (c) =

n∑

k=0

d2(Pc(tk), Xk) + λFr(c). (5.1)

A major characteristic of (5.1) is its use of the squared distance from the elements of
the point cloud to the curve. Working with the squared distance function yields the
advantage of a straight forward to solve and easy to implement minimization problem.
However, least square problems (as e.g. in the L2 norm) are known to be very sensitive
to outliers. Deploying the L1 norm instead

F (c) =

n∑

k=0

|d(Pc(tk), Xk)| + λFr(c)

promises to overcome this problem by a much more robust fitting.
In the following we derive a quadratic approximation of the signed distance function

d. The basic idea is the same as in section 2.3.4, where a second order approximation
of the squared distance function is formulated for SDM.

By using the same notation as in section 2.3.4, we write Pk for the foot point of the
shortest distance of the approximating curve Pc(t) to the data point Xk and (Tk, Nk)
for the Frenet frame in Pk. In these coordinates, Xk = (0, d) and the curvature center
K = (0, ρ). The signed distance to the circle of radius ρ centered at K turns out to be

f(x1, x2) =
√

x2
1 + (x2 − ρ)2 − |ρ|.

Without loss of generality we may assume ρ < 0 locally. A second order Taylor
approximation of f(x1, x2) at (0, d) is thus given by

Fd(x1, x2) =
1

2(d − ρ)
x2

1 + x2. (5.2)

52
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x1
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Fd=0

Fd>0

Fd<0

Figure 5.1: Quadratic approximation of the signed distance function.

If we compare (5.2) to the quadratic approximation (2.4) SDM is based upon, we see
that it is not only quadratic in the unknowns anymore. This is less surprising since
we approximated the signed distance function and expect x2 (the coordinate axes in
direction of Nk) to contribute its sign.

With the same argumentation as for SDM, ρ < d holds for our setup and makes
the factor of x2

1 greater than zero. The level sets of Fd are concave parabolas (in the
(x1, x2) coordinate frame). Thus, Fd < 0 is true for points on the same side as the
curvature center K and Fd > 0 otherwise.

Similar to section 2.3.4 we express Fd(x1, x2) in global coordinates and get

Fd(c) =
1

2(dk − ρk)

[
(Pc(tk) − Xk)T · Tk

]2
+ (Pc(tk) − Xk)T · Nk

where Tk and Nk are the tangent and normal in Pc(tk) respectively.
In summary, curve fitting of point clouds in the L1 norm asks for a minimization

of

F (c) =
n∑

k=0

el1,k(c) + λFr(c) (5.3)

where

el1,k(c) =

∣∣∣∣
1

2(dk − ρk)

[
(Pc(tk) − Xk)T · Tk

]2
+ (Pc(tk) − Xk)T · Nk

∣∣∣∣ (5.4)

is the corresponding error term and Fr(c) a smoothing term again.
We see that the general curve fitting algorithm 1 will still be applicable for curve

fitting in the L1 norm if we choose el1 as error term.
Like the error terms discussed in the previous chapters we write (5.4) in matrix

notation |cT · Al1 · c + 2 · bT
l1 · c + kl1|. By making use of the abbreviations

αk :=
1

2(dk − ρk)
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and
sk = (P (tk) − Xk)

T
· Tk

we get
(Al1)2i...2i+1,

2j...2j+1
= αkBi(tk)Tk · T T

k Bj(tk) 0 ≤ i, j ≤ m

(bl1)2i...2i+1 = Bi(tk)(2αkskTk + Nk) 0 ≤ i ≤ m

and
kl1 = αks2

k + dk.

5.2 Non-smooth Optimization

The objective function in (5.3) is a sum of absolute values. Since | . | is not differentiable
for all values we face a non-smooth optimization problem. Such problems are very
common in practice and a wide variety of literature is available on this topic of convex
optimization. In this section we summarize some notations of non-smooth optimization
theory and describe an algorithm to solve (5.3).

Non-smooth optimization introduces a generalization of the gradient, as the gradi-
ent doesn’t exist in all cases anymore.

Definition 5.1. Let f : R
n → R be a convex function. Then, for x ∈ R

n, s ∈ R
n is

called a subgradient of f in x if

f(y) ≥ f(x) + sT (y − x) ∀y ∈ R
n.

The set of all subgradients of f in x is called the convex subdifferential ∂f(x).

If f is differentiable in x ∈ R
n and s ∈ ∂f(x), the definition of the subgradient

implies
f(x + td) − f(x) ≥ tsT d d ∈ R

n, t > 0.

Division by t and t → 0 gives

∇f(x)T d ≥ sT d ∀d ∈ R
n.

By choosing d = s −∇f(x) we get

(∇f(x) − s)T · s ≥ (∇f(x) − s)T · ∇f(x)

which is equivalent to (∇f(x) − s)2 ≤ 0. Therefore, if f is differentiable in x, the
subdifferential compromises only one element s = ∇f(x), the gradient of f in x.

Example 5.1. Let q(x) = 1
2xT Ax + bT x + c be a quadratic form. Then, for f(x) =

|q(x)|, the subdifferential is

∂f(x) =





Ax + b q(x) > 0
{α(Ax + b) − (1 − α)(Ax + b) : 0 ≤ α ≤ 1} q(x) = 0
−Ax − b q(x) < 0
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Thus, a subgradient s ∈ ∂f(x) could be

s(x) =

{
Ax + b q(x) > 0
−Ax − b q(x) ≤ 0

5.2.1 The Cutting Plane Method

Several different algorithms exist to solve non-smooth optimization problems such as
(5.3). One of them is the cutting plane method.

Assume we already have a certain number of iterates x0, . . . , xk. In addition, for
each xj a subgradient sj ∈ ∂f(xj) is known. From the definition of the subgradient
follows directly

f(x) ≥ f(xj) + (sj)T (x − xj) 0 ≤ j ≤ k.

Therefore we can write

f(x) ≥ max
0≤j≤k

{
f(xj) + (sj)T (x − xj)

}
=: f̂k(x).

f̂k(x) is a piecewise linear lower bound approximation of f(x). The basic idea of

the cutting plane method is to get the next iterate xk+1 by minimizing f̂k(x). As f̂k(x)
is expected to approximate f(x) better for increasing k, the solution of

min f̂k(x) (5.5)

should approach a solution of the original non-smooth optimization problem for suffi-
cient large k.

Lemma 5.1. xk+1 solves (5.5) if and only if (xk+1, ζk+1) ∈ R
n × R with ζk+1 :=

f̂k(xk+1) is a solution of

minimize ζ
subject to f(xj) + (sj)T (x − xj) ≤ ζ 0 ≤ j ≤ k.

(5.6)

Proof. At first, let xk+1 be a solution of (5.5) and assume (xk+1, ζk+1) is not optimal
for (5.6). Then, there exists a (x̃, ζ̃) with ζ̃ < ζk+1. Thus,

f̂k(x̃) = ζ̃ < ζk+1 = f̂k(xk+1)

which is a contradiction to xk+1 being the optimal solution of (5.5).
On the other hand, if (xk+1, ζk+1) is the optimal solution of (5.6), we assume that

xk+1 doesn’t solve (5.5). So there exists a x̃ with ζ̃ = f̂k(x̃) < f̂k(xk+1). From this it
follows that

ζ̃ = f̂k(x̃) < f̂k(xk+1) = ζk+1

which is again a contradiction to (xk+1, ζk+1) being the optimal solution of (5.6).
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By making use of the previous lemma we are able to transform the non-smooth
optimization problem (5.5) to a smooth, constrained, linear program. The linear
constraints in (5.6) cut off regions of the solution space, thus giving the method its
name.

For application it turned out to be crucial to generalize (5.6) by adding a regular-
ization term (”proximal term”)

minimize ζ + µk‖x − xk‖2

subject to f(xj) + (sj)T (x − xj) ≤ ζ 0 ≤ j ≤ k
(5.7)

where µk denotes a monotone decreasing coefficient.
(5.7) is a quadratic optimization problem with linear constraints that can be solved

by any standard technique such as the active set method. The structure of the mini-
mization problem allows us to add additional constraints to restrict the solution space
of x further.

Our common way to describe minimization problems is to write the objective func-
tion as quadratic form and any constraints as system of linear inequalities. For (5.7)
this gives for c̃ = ( c

ζ ) with c ∈ R
2m+2, ζ ∈ R, and Ĩ =

(
I2m+2 0

0 0

)
∈ R

2m+3 × R
2m+3

minimize 1
2 · c̃T · Ĩ · c̃ −

(
ck

−1

)T

· c̃ + 1
2

(
ck

0

)T

· Ĩ ·

(
ck

0

)

subject to

(
sj

−1

)T

· c̃ ≤ (sj)T · cj − f(cj) 0 ≤ j ≤ k.

Al1, bl1 and kl1 influence the problem only in the computation of sj and f(cj) =
(cj)T · Al1 · c

j + 2 · bT
l1 · c

j + kl1.

Algorithm 6 (Cutting Plane). Finally, a cutting plane algorithm involves the follow-
ing steps

1. choose x0, set k = 0.

2. if xk is a reasonable good approximation of a minimum, leave.

3. otherwise, compute sk ∈ ∂f(xk).

4. solve the corresponding constrained quadratic program (5.7).

5. increase k and continue with step 2.

The following lemma gives a suitable stopping criteria for step 2.

Lemma 5.2. Let the non-smooth optimization problem min f(x) have a solution x∗.
Furthermore {xk} describes the sequence of iterates obtained by the cutting plane

method and we write ζk+1 = f̂k(xk+1) again. If

f(xk+1) − ζk+1 ≤ ǫ

for ǫ > 0, then
f(xk+1) − f∗ ≤ ǫ

holds, whereas f∗ := f(x∗).



CHAPTER 5. CURVE FITTING IN THE L1
NORM 57

(a) Initial setup (b) Final approximation after 15 iterations

Figure 5.2: Curve fitting in the L1 norm.

Proof. For sj ∈ ∂f(xj)

f(xj) + (sj)T (x∗ − xj) ≤ f(x∗) 0 ≤ j ≤ k

holds. Thus (x∗, f∗) is feasible for (5.6). On the other hand, since (xk+1, ζk+1) is a
solution of the same expression,

ζk+1 ≤ f∗.

In summary,
f(xk+1) − f∗ ≤ f(xk+1) − ζk+1 ≤ ǫ.

The cutting plane method is a rather simple non-smooth optimization algorithm.
The use of a regularization term increases the robustness significantly. However, the
convergence is slow. More complex algorithms such as bundle methods should give
faster convergence for comparable robust results.

5.3 Results

Curve fitting of point clouds in the L1 norm requires modifications only to one step
of the general curve fitting algorithm, namely the optimization in step 4. The cutting
plane method is the appropriate tool to solve the emerging non-smooth minimization
problems.

In each of the following experiments a smoothing term was added to the objective
function in order to avoid a degeneration of the approximating curve. As the use of
Fr2 (minimizing the bending energy) of section 2.5 gave good results throughout the
previous chapters it was chosen here again. The smoothing factor λ was set to be
0.005 in the first iteration and was halved at each successive step.
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Figure 5.3: Decrease of error for the L1 fitting in figure 5.2.

As mentioned in the theoretical presentation of the cutting plane method, the
generalized form of (5.7) makes the optimization much more robust. The coefficient of
the regulating term ‖x − xk‖2 was set to µk = e10−k, where k stands for the current
iteration.

Lemma 5.2 gives a possible stopping criteria for the cutting plane method. We
made use of it and set ǫ = 10−4. It’s worth mentioning that single calls to the non-
smooth minimization routine with these parameters took up to 200 iterations in the
worst case to find a solution.

The first result of a curve fitting in L1 norm in figure 5.2 is a simple proof of
concept for the method described above. The point cloud consisted of 150 points and
was approximated with a cubic B-Spline controlled by 8 de Boor-points. The final
approximation was obtained after 15 iterations of the general curve fitting algorithm.

In difference to the curve fitting methods of the preceding sections we employ a
different error measure here. Naturally, we replace the squared distance by absolute
values, thus using the average sum of residues

eavg =
1

n + 1

n∑

k=0

|P (tk) − Xk|.

Figure 5.3 visualizes the decrease of the average approximating error for the experiment
of figure 5.2.

The development of a curve fitting in the L1 norm was motivated by the well known
fact that the L2 norm is very sensitive to outliers. The second experiment focuses on
this issue by adding four significant outliers to a point cloud with 150 elements. The
approximating B-Spline curve was of degree 3 and had 8 control points.

The results of this second experiment are illustrated in figure 5.4. While the so-
lution obtained with the squared distance minimization algorithm is attracted clearly
by the four additional points, the L1 based approach is not influenced visually. Two
additional diagrams show the development of the average absolute error as well as the
average distance error. As expected, SDM minimizes the squared distance better while
the approximation in the L1 norm gives a smaller average absolute error.
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(a) Final approximation with SDM after 30
iterations

(b) Final approximation in L1 norm after 30
iterations
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Figure 5.4: Comparison of curve fitting with SDM and in the L1 norm.

Figure 5.5: Constrained non-smooth optimization to enclose a point cloud.
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(a) Initial setup (b) Final approximation after 15 iterations

Figure 5.6: Curve fitting in the L1 norm in the presence of obstacles.

The cutting plane method can be easily extended to handle constrained optimiza-
tion problems. Therefore, the additional linear constraints are just added to the side
conditions of (5.7). The result of figure 5.5 shows the approximation of the outer bor-
der of a 150 element point cloud with a cubic B-Spline after 10 iterations. The linear
constraints are the same as stated in section 3.2.1.

The discussion of least square minimizing curve fitting techniques in the presence
of obstacles culminated in the definition of smooth bounded arbitrary subsets of the
plane the final result must not penetrate. By taking the obstacles into account as
done in section 3.2.1 the cutting plane method succeeds for this task, too. Figure
5.6 visualizes a L1 norm approximation of a point cloud with 150 elements under
consideration of two obstacles. The approximating B-Spline curve was of degree 3
and counted 7 control points. Again, the obstacles were ignored during the first five
iterations to stabilize the solution.
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fitting in reverse engineering. Computer Aided Geomtric Design, Vol. 19, 3:173-
205, 2002.

[3] Andrew Blake and Michael Isard. Active Contours. Springer, London, 2nd edition,
2000.

[4] Martin Brokate. Praktische Analysis. Volesungsskript Universität Kiel, 1998.

[5] Carsten Carstensen. Numerische Mathematik II. Volesungsskript TU Wien, 2003.

[6] Carl Geiger and Christian Kanzow. Theorie und Numerik restringierter Opti-
mierungsaufgaben. Springer, 2002.

[7] Yaroslav Halchenko. Iterative closest point algorithm. L1 error approach via linear
programming. Report, New Jersey Institute of Technology, 2003.

[8] Donald Hearn and M. Pauline Baker. Computer Graphics. Prentice Hall, 1997.

[9] Jean-Baptiste Hiriart-Urruty, Claude Lemarechal. Convex analysis and minimiza-
tion algorithms. Springer, 1998.

[10] Michael Hofer and Helmut Pottmann. Energy-Minimizing Splines in Manifolds.
ACM Transactions on Graphics (Proceedings of ACM SIGGRAPH), Vol. 23,
3:284-293, 2004.

[11] Josef Hoschek. Intrinsic parameterization for approximation. Computer Aided
Geomtric Design, 5:27-31, 1988.
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Appendix A

Splines

Curve design and interpolation problems are important topics in Geometry and Nu-
merical Mathematics. Polynomial based approaches serve well due to their simple
formulation and their easy implementation in computer software. However, looking
for a single polynomial meeting certain criteria (e.g. a certain number of interpolating
points) soon leads to functions of high polynomial degree. As this is neither intended
nor useful in most cases, splines - piecewise polynomial functions - represent a more
convenient solution to such problems.

Definition A.1 (Spline). Let ∆n : a = x0 < x1 < . . . < xn = b be a partition of
[a, b] ∈ R. Then, s : [a, b] → R is called a (polynomial) spline of degree m for partition
∆n if

s ∈ Cm−1[a, b] (A.1)

s|[xj,xj+1] ∈ Pm = {p : deg(p) ≤ m} 0 ≤ j < n (A.2)

The set of all s meeting (A.1) and (A.2) is denoted by Sm(∆n).

S1(∆n), S2(∆n) and S3(∆n) are called linear, quadratic and cubic splines.

Theorem A.1. Sm(∆n) is a vector space of dimension m + n. A basis of Sm(∆n) is
given by B = {p0, . . . , pm, q1, . . . , qn−1} with

pi(x) = (x − x0)
i 0 ≤ i ≤ m

qj(x) = (x − xj)
m
+ =

{
(x − xj)

m x ≥ xj

0 thus
1 ≤ j < n

Proof. B ⊂ Sm(∆n) is obvious due to construction. In order to prove the linear
independence of B, let

s(x) =

m∑

i=0

αipi(x) +

n−1∑

j=1

βjqj(x) ∀x ∈ [a, b].

63



APPENDIX A. SPLINES 64

On [x0, x1] we have

0 = s(x) =

m∑

i=0

αipi(x)

whereas follows αi = 0 for 0 ≤ i ≤ m, as the pi are linearly independent. On [x1, x2],
s(x) simplifies to 0 = s(x) = β1q1(x), therefore β1 = 0. Analogous β2, . . . , βn−1 = 0 is
shown and gives the linear independence of B.

B is a spanning set of Sm(∆n): As s|[x0,x1] ∈ Pm there exists a z1 ∈ Pm with
z1|[x0,x1] = s|[x0,x1] and z1 ∈ span{p0, . . . , pm}. For j = 2, . . . , n we define

zj(x) = zj−1(x) + νj−1qj−1(x) with zj(xj) = s(xj).

Then, the difference r := s − zn ∈ Sm(∆n), as in general

zj ∈ span{p0, . . . , pm, q1, . . . , qj−1}.

On [x0, x1], r = z1 − zn ∈ span{q1, . . . , qn−1} and therefore r|[x0,x1] ≡ 0. On [x1, x2], r
possesses a m-fold zero at x1 (r ∈ Cm−1[a, b]) and at x2 r = s−zn = s−z2 a single zero.
Thus, r ≡ 0 on [x1, x2]. By applying this argumentation to [x2, x3], . . . , [xn−1, xn] we
get r ≡ 0 on [a, b].

Unfortunately, this basis turns out to be rather useless for application as its numeri-
cal characteristics are poor: if elements of Sm(∆n) are written as linear combination of
B, the coefficients tend to grow large. B-Splines define a numerical more advantageous
basis of Sm(∆n).

Definition A.2 (B-Spline). Let (ti)i∈Z ∈ R : . . . ≤ t−2 ≤ t−1 ≤ t0 ≤ t1 ≤ t2 ≤ . . .
be a monotone increasing sequence (called knot sequence). Then, the B-Spline Bik of
degree k for knot sequence (ti)i∈Z is recursively defined by

Bi0(x) =

{
1 ti ≤ x < ti+1

0 thus
Bik(x) = wik(x)Bi,k−1(x) + (1 − wi+1,k(x))Bi+1,k−1(x)

The coefficients wik(x) are given by

wik(x) =

{ x−ti

ti+k−ti
ti < ti+k

0 ti = ti+k

Some important properties of B-Splines are summarized in the following lemma.

Lemma A.1. Let Bik be a B-Spline for a given knot sequence (ti)i∈Z. Then, the
following properties hold

Bik|[tj ,tj+1) ∈ Pk (A.3)

supp(Bik) = {x : Bik(x) 6= 0} = [ti, ti+k+1] ti < ti+k+1 (A.4)

Bik = 0 ti = ti+k+1 (A.5)
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Bik ≥ 0 (A.6)
∑

i∈Z

Bik = 1 (A.7)

Proof. Propositions (A.3) to (A.6) follow directly from the B-Spline definition. (A.7)
is shown by induction over k. The initial case k = 0 is trivial. For k − 1 → k:

∑

i∈Z

Bik =
∑

i∈Z

wi,kBi,k−1 + (1 − wi+1,k)Bi+1,k−1

=
∑

i∈Z

wi,kBi,k−1 +
∑

i∈Z

Bi+1,k−1 −
∑

i∈Z

wi+1,kBi+1,k−1

=
∑

i∈Z

Bi+1,k−1 =
∑

i∈Z

Bi,k−1 = 1

The proof of the basis property of B-Splines for Sm(∆n) makes use of Marsden’s
Identity.

Lemma A.2 (Marsden’s Identity). Let Bik describe the B-Splines for a given knot
sequence (ti)i∈Z. Then

(x − ζ)k =
∑

i∈Z

φik(ζ)Bik(x)

with φi0(ζ) = 1, φik(ζ) =

k∏

l=1

(ti+l − ζ).

Proof. Marsden’s Identity is proved by induction over k. k = 0 is obvious due to (A.7).
For k − 1 → k we apply the recursive definition of B-Splines

∑

i∈Z

φik(ζ)Bik(x) =
∑

i∈Z

φik(ζ) [wik(x)Bi,k−1(x) + (1 − wi+1,k(x))Bi+1,k−1(x)]

=
∑

i∈Z

[φik(ζ)wik(x) + φi−1,k(ζ)(1 − wik(x))] Bi,k−1(x)

For fixed i ∈ Z we simplify the coefficient of Bi,k−1(x):

φik(ζ)wik(x) + φi−1,k(ζ)(1 − wik(x)) = φik(ζ)
x − ti

ti+k − ti
+ φi−1,k(ζ)

ti+k − x

ti+k − ti

= (x − ζ)
φik(ζ) − φi−1,k(ζ)

ti+k − ti
+

φik(ζ)(ζ − ti) + φi−1,k(ζ)(ti+k − ζ)

ti+k − ti

= (x − ζ)
[(ti+k − ζ) − (ti − ζ)] φi,k−1(ζ)

ti+k − ti
= (x − ζ)φi,k−1(ζ).
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From this and the induction assumption it follows that
∑

i∈Z

φik(ζ)Bik(x) =
∑

i∈Z

(x − ζ)φi,k−1(ζ)Bi,k−1(x) = (x − ζ)(x − ζ)k−1 = (x − ζ)k.

Theorem A.2. Let ∆n : a = x0 < x1 < . . . < xn = b be a partition of [a, b], m ∈ N.
Choose t−m ≤ . . . ≤ t0 = x0, t1 = x1, . . . , tn = xn ≤ tn+1 ≤ . . . ≤ tn+m+1 such that
all Bim are continuous. Then, Sm(∆n) = span{Bim : −m ≤ i ≤ n − 1}.

Proof. As the Bim are continuous, Bim ∈ Sm(∆n). We show that the known basis
elements pi and qj of (A.1) can be written as linear combination of Bim.

First, we focus on pi: By differentiating Marsden’s Identity (m − k)-times with
respect to ζ and by evaluating at ζ = x0 we get

pk(x) = (x − x0)
k = (−1)m−k 1

m(m − 1) . . . (k + 1)

∑

i∈Z

φ
(m−k)
im (x0)Bim(x).

Second, we consider qj : Marsden’s Identity gives for fixed j and ζ = tj

(x − tj)
m =

∑

i∈Z

φim(tj)Bim(x).

In the following we limit the possible range of index i. As x ∈ [a, b], Bim 6= 0 only for
−m ≤ i ≤ n − 1. Additionally, for i < j ≤ i + m

φim(tj) =

m∏

l=1

(ti+l − tj) = 0.

Thus, we can reduce the infinite sum to

(x − tj)
m =

n−1∑

i=j

φim(tj)Bim(x).

Moreover, if x < tj ,

x /∈ [tj ,∞) ⊇ [ti, ti+m+1] = supp(Bim)

as i > j. Therefore,

qj(x) = (x − tj)
m
+ =

n−1∑

i=j

φim(tj)Bim(x).

Example A.1 (B-Splines). Thus, B-Splines form a basis of Sm(∆n). Figure A.1
shows the basis functions of linear, quadratic and cubic B-Splines for the knot sequence
(ti) = (0, 1, 2, 3, 4, 5, 6).
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(a) Linear B-Splines Bi1
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(c) Cubic B-Splines Bi3

Figure A.1: B-Spline basis functions.
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B-Spline Curves

With B-Splines we have an advantageous basis of Sm(∆n), the vector space of all
splines of degree m for a given partition ∆n. In a next step, these basis elements are
combined to form B-Spline curves. In computer aided geometric design it’s desirable
to control the design of curves or surfaces with parameters, which ideally can be linked
directly to the geometry of the created objects. For B-Spline curves the coefficients
of linear combinations of the basis B-Splines, often called control points, will play this
role.

Definition B.1 (B-Spline Curve). Let (ti)i∈Z be a knot sequence and Bik the corre-
sponding B-Splines. Furthermore, (di)i∈Z ∈ R

d is a sequence of given control points.
Then, P : R → R

d

P (t) =
∑

i∈Z

Bik(t)di

is called B-Spline Curve of degree k. The control points di are called de Boor-points,
too.

The general properties of B-Splines of lemma A.1 naturally have a bearing on B-
Spline curves. If the curve parameter t originates from [ti, ti+k+1], Bik = 0 holds for
i < 0 and i > n due to (A.3). Therefore, the B-Spline curve can be written as finite
sum

P (t) =

n∑

i=0

Bik(t)di.

As another conclusion from this lemma a control point di influences the curve P (t)
only on [ti, ti+k+1]. Additionally, under these assumptions,

∑n
i=0 Bik(t) = 1 holds.

Thus, the B-Spline curve P (t) is in the convex hull of the control points di.

Example B.1 (Open B-Spline Curve). For the given control points

(
0.07

0.57

)
,

(
0.25

0.81

)
,

(
0.37

0.45

)
,

(
0.35

0.27

)
,

(
0.60

0.37

)
,

(
0.59

0.60

)
,

(
0.85

0.69

)
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Figure B.1: Open B-Spline Curve.

we want to create a B-Spline curve of degree 3, interpolating the first and last control
point respectively. The corresponding knot sequence is for example

(0, 0, 0, 0, 0.25, 0.5, 0.75, 1, 1, 1, 1).

The B-Spline curve is given by

P (t) =

6∑

i=0

Bi3(t)di t ∈ [0, 1]

the result is plotted in figure B.1.

Example B.2 (Closed B-Spline Curve). In order to create the quadratic closed B-
Spline Curve of figure B.2 for the control points

(
0.2

0.62

)
,

(
0.44

0.83

)
,

(
0.72

0.61

)
,

(
0.69

0.35

)
,

(
0.48

0.34

)
,

(
0.41

0.57

)
,

(
0.18

0.50

)

the knot sequence can be chosen as
(
− 2

7 , − 1
7 , 0, 1

7 , 2
7 , 3

7 , 4
7 , 5

7 , 6
7 , 1, 8

7 , 9
7

)
.

The first two control points need to be repeated

d0, d1, . . . , d6, d7 = d0, d8 = d1.

Then, the closed B-Spline curve of degree 2 is

P (t) =

8∑

i=0

Bi2(t)di t ∈ [0, 1].
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Figure B.2: Closed B-Spline Curve.


